Renormalization of the SU(2)-symmetric model of hadrodynamics 
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It is proved that the SU(2)-symmetric model of hadrodynamics can well be set up on the gauge- 
invariance principle. The quantization of the model can readily be performed in the Lagrangian 
path-integral formalisms by using the Lagrangian undetermined multiplier method. Furthermore, 
it is shown that the quantum theory is invariant with respect to a kind of BRST-transformations. 
From the BRST-symmetry of the theory, the Ward-Takahashi identities satisfied by the generating 
functionals of full Green functions, connected Green functions and proper vertex functions are suc- 
cessively derived. As an application of the above Ward-Takahashi identities, the Ward-Takahashi 
identities obeyed by the propagators and various proper vertices are derived. Based on these iden- 
tities, the propagators and vertices are perfectly renormalized. Especially, as a result of the renor- 
malization, the Slavnov- Taylor identity satisfied by renormalization constants is natually deduced. 
To demonstrate the renormalizability of the theory, the one-loop renormalization of the theory is 
carried out by means of the mass-dependent momentum space subtraction and the renormalization 
group approach, giving an exact one-loop effective coupling constant and one-loop effective nucleon, 
pion and p— meson masses. 

PACS: 11.15.-q, 13.75.Cs, 21.30.-x, ll.10.Gh, 11. 10. Hi 
In the early time, a S l C/(2)-symmetric model of hadrodynamics was proposed by Sakurai [1,2] based on the non- 
Abelian gauge-field theory which was first initiated by C. N. Yang and R. L. Mills [3]. A tempting feature of this model 
' is that the model gives a complete description of the interactions among nucleons, pions and p-mesons. However, 
the model was beset with two serious difficulties: one is the non-gauge-invariance of the p-meson mass term because 
t-H ■ according to the prevailing viewpoint, the requirement of gauge-invariance does not admit the p-meson mass term to 
enter the Lagrangian; another is the unrenormalizability of the model as argued in the previous literature [4-9]. Due 
to these difficulties, the model was eventually relinquished even though a part of the interactions between nucleons 
and p-mesons and the interaction between nucleons and pions which are all included in the model have been widely 
applied in nuclear physics. 

Against the difficulties mentioned above, this paper attempts to answer the questions: whether the 5'L r (2)-symmetric 
\Q , model of hadrodynamics could be set up on the gauge-invariance principle and whether the model could be renor- 
1 malizable? The first question has been answered in our published papers [10-12]. In the papers, it is argued that a 
non-Abelian massive gauge field theory in which the masses of all gauge fields are the same can actually be set up on 
the principle of gauge-invariance without need of introducing the Higgs mechanism. This means that the model under 
consideration can exactly be made up of the massive gauge field theory with SU(2) gauge symmetry. The essential 
points to achieve this conclusion are as follows, (a) The gauge boson fields such as the p-meson fields must be viewed 
as a constrained system in the whole space of vector potentials and the Lorentz condition, as a necessary constraint, 
must be introduced from the beginning and imposed on the massive Yang-Mills Lagrangian; (b) The gauge-invariance 
of a gauge field theory should be generally examined from its action other than from the Lagrangian because action is 
of more fundamental dynamical meaning than Lagrangian. Particularly, for a constrained system such as the p-meson 
; I ■ field, the gauge-invariance should be seen from its action given in the physical subspace defined by the Lorentz condi- 
tion because the field exists and moves only in the physical subspace; (c) In the physical subspace, only infinitesimal 
gauge transformations are possibly allowed and necessary to be considered in examination of whether the theory is 
gauge-invariant or not; This fact was clarified originally in Ref. [13]; (d) To construct a correct gauge field theory, 
the residual gauge degrees of freedom existing in the physical subspace must be eliminated by a constraint condition 
on the gauge group. This constraint condition may be determined by requiring the action to be gauge-invariant [10]. 
Based on these points of view, as will be shown in this paper, the S'f/(2)-symmetric model of hadrodynamics can 
exactly be set up on the basis of gauge-invariance and the quantization of the model can readily be performed in the 
path-integral formalism by means of the Lagrange undetermined multiplier method. 

The main purpose of this paper is to show that the quantum theory of the SU (2)-symmetric hadrodynamics built 
up on the gauge-invariance principle, as the J7(l)-symmetric hadrodynamics [14], can perfectly be renormalized. 
Since a correct renormalization should be performed by exactly respecting Ward-Takahashi (W-T) identities [15- 
17] which follow from the gauge-symmetry of the theory, we first show that the quantum theory established here 
has an important property that the effective action appearing in the generating functional of Green functions is 
invariant with respect to a kind of BRST-transformations [18]. From the BRST-symmetry of the theory, we will 
derive various W-T identities satisfied by the generating functionals of Green functions and proper vertex functions. 
Furthermore, from the W-T identities obeyed by the generating functionals, we will derive W-T identities satisfied by 
the p— meson and ghost particle propagators and various proper vertices which appear in the perturbative expansion 
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of S-matrix elements. Based on these W-T identities, the propagators and vertices will be perfectly renormalizcd. 
As a result of the renormalizations, the Slavnov- Taylor (S-T) identity satisfied by the renormalization constants [19, 
20] will be derived. This identity is much useful for practical calculations of the renormalization carried out by 
the approach of renormalization group equation [21-23]. It should be mentioned that the previous conclusion for 
the unrenormalizability of the model was drawn from the quantum theory which was not established correctly [4- 
9] because the unphysical degrees of freedom involved in the theory are not eliminated by introducing appropriate 
constraint conditions. In our theory, the unphysical degrees of freedom appearing in the theory, i.e., the unphysical 
longitudinal components of vector potentials for the p-meson fields and the residual gauge degrees of freedom existing 
in the subspace defined by the Lorentz condition are respectively eliminated by the introduced Lorentz condition and 
the ghost equation which acts as the constraint condition on the gauge group. This guarantees that the quantum 
theory set up in this paper must be renormalizablc. To demonstrate further the renormalizability of the theory, in 
this paper, the one loop renormalization will specifically be carried out by means of the mass-dependent momentum 
space subtraction scheme and the renormalization group equation (RGE). In this renormalization, we derive an exact 
one-loop effective coupling constant and one-loop effective nucleon, p-meson and pion masses without any ambiguity. 

The arrangement of this paper is as follows. In Sec. 2, we will formulate the quantization of the model in the path- 
integral formalism and derive the BRST-transformations under which the effective action of the model is invariant. 
In Sec. 3, we will derive the W-T identities satisfied by various generating functionals. In Sec. 4, the W-T identity 
obeyed by the p-meson propagator and ghost propagator will be derived and the renormalization of these propagators 
will be discussed. In Sec. 5, the W-T identity obeyed by the p-meson three-line proper vertex will be derived and the 
renormalization of the vertex will be discussed. In Sec. 6, the same thing will be done for the p-meson four-line proper 
vertex. In section 7, the W-T identity satisfied by the nucleon- p-meson vertex will be derived and the renormalization 
of the vertex will be discussed. In Sec. 8, the W-T identity obeyed by the pion-p-meson three-line proper vertex will 
be derived and the renormalization of the vertex will be discussed. In Sec. 9, the same thing will be done for the 
pion-p-meson four-line proper vertex. Section 10 serves derive the one-loop effective coupling constant. Section 11 is 
used to discuss the renormalization of pion propagator and derive the one-loop effective boson (p-meson and pion) 
masses. In Sec. 12, we will discuss the renormalization of nucleon propagator and derive the one-loop effective nucleon 
mass. In the last section, some conclusions and discussions are made. In Appendix, the Feynman rules derived from 
the model action will be listed for convenience of perturbative calculations. 

I. QUANTIZATION AND BRST-TRANSFORMATIONS 

The S'C/(2)-symmetric model of hadrodynamics is described by the following Lagrangian [1,2]: 

£ = jC n + £ p + £ w + £ N „ (2.1) 

where 

C N = ij{i^D„ - M}i/>, (2.2) 

C p = - l -F a ^F« v + l -m 2 p A a »A«, (2.3) 

C„= l -(D^)+(D^)- l -ml^ (2.4) 

and 

Cn« = tg^ 5 T a ^ a . (2.5) 

InEq. (2.2), 

*-(£) <"» 

is the nucleon isospin doublet in which ip p and ip n denote the proton and neutron field functions respectively, M is 
the nucleon mass and 

= 8, - igT a A* (2.7) 
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is the covariant derivative in which T a = ^ (a = 1, 2, 3) are the generators of SU(2) gauge group with r a being the 
isospin Pauli matrices, g is the coupling constant and A"(x) represent the vector potentials of p-meson fields. In Eq. 
(2.3), 



F% = d^K - d v A% + ge^A^Al (2.8) 

stand for the strength tensors in which e abc are the structure constants of SU (2) group (the 3-rank Levi-Civita tensor) 
and Trip is the p-meson mass. In Eq. (2.4), 



7T = 7T 2 (2.9) 




designates the pion isospin triplet and m v denotes the pion mass. It is noted that the covariant derivative in 
Eq. (2.4) is still represented in Eq. (2.7), but the matrix T a is now given in the adjoint representation with matrix 
elements (T a ) bc = -ie abc . 

The Lagrangian described above, except for the p-meson mass term, was derived from the requirement of SU{2) 
gauge symmetry. The /9-meson mass term is added from the physical requirement and is obviously not gauge-invariant. 
Therefore, the model described by the Lagrangian was considered to be gauge-non-invariance in the past. In the model, 
the nucleon fields are spinor fields and the pion fields are pseudoscalar fields which are all independent physical field 
variables, while, the p-meson fields, acting as the SU{2) massive gauge fields, are vector fields for which the four 
Lorentz components of a vector potential A afl (for a certain a ) are not all independent physical variables. Since 
a massive vector field has only three degrees of freedom of polarization which can completely be described by the 
transverse part Ajf" of the vector potential A afJ ", the longitudinal part A a ^ of the vector potential appears to be a 
redundant degree of freedom which must be eliminated by introducing the Lorentz condition ( the constraint condition 
on the gauge field) 

0M£ = (2.10) 

whose solution is 

A a £ = 0. (2.11) 

Therefore, the p-meson fields must be viewed as a constrained system and the Lorentz condition must be introduced 
from the beginning and imposed on the Lagrangian so as to eliminate the redundant unphysical variables. As 
mentioned in Introduction, the gauge-invariance of a system should be generally examined from its action other than 
from its Lagrangian because action is of more fundamental dynamical meaning than Lagrangian. Particularly, for a 
constrained system, the gauge-invariance should be seen from its action given in the physical subspace defined by the 
constraint condition because the fields exist and move only in the physical subspace. And, as pointed out originally 
in Ref. [13], in the physical subspace, only infinitesimal gauge transformations of gauge fields are possibly allowed 
and necessary to be considered in examination of whether a field theory is gauge-invariant or not. In accordance 
with these point of view, it is easy to prove that the action given by the Lagrangian in Eqs. (2.1)-(2.9) is locally 
gauge-invariant under the Lorentz condition. In fact, when we perform the following infinitesimal SU(2) local gauge 
transformations in the action given by the Lagrangian in Eqs. (2.1)-(2.9): 

6A-(x) = Df(x)6\x), 
6i/)(x) = igT a a (x)il>(x), 

5ip(x) = -ig^(x)T a 6 a (x), [ ' 

5ir a (x) = ge abc ir b {x)6 c {x) 

where 9 a (x) (a = 1, 2, 3) are the parametric functions of the local gauge group U(x) — cxp{igT a 9 a (x)} and 

D ab = 8 ab d^ - ge abc A c ^ (2.13) 
and apply the Lorentz condition to the action, it is found that 



SS 



= -ml J d A x6 a d»Al = (2.14) 



which implies that the model constructed by the Lagrangian in Eqs. (2.1)-(2.9) and the Lorentz condition in Eq. 
(2.10) is gauge- invariant. 
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According to the general procedure of dealing with the constrained system, the Lorentz condition may be incorpo- 
rated into the Lagrangian by means of the Lagrange undetermined multiplier method. In doing this, it is convenient 
to generalize the model Lagrangian and the Lorentz condition to the following forms: 

C x = C- l -a{\ a f (2.15) 

and 

d»A1+a\ a =0 (2.16) 

where C was given in Eqs. (2.1)-(2.9). When the constraint in Eq. (2.16) is incorporated into the Lagrangian in Eq. 
(2.15) by the Lagrange multiplier method, we obtain 

= C + \ a d^Al + \a{\ a ) 2 . [ ' 

This Lagrangian is obviously not gauge- invariant. However, to build up a correct gauge field theory, it is necessary 
to require the action given by the Lagrangian (2.17) to be invariant under the gauge transformations denoted in Eqs. 
(2.12). By this requirement, noticing the identity e abc A ail A b — o anc j applying the constraint condition in Eq. (2.16), 
we find 

5S X = -- f d 4 xd u A"(x)d»CD a u b (x)6 b (x)) = (2.18) 
a J p 

where 

Vf{x)=5 ab ^-dl + Df{x) (2.19) 

L - 'x 

in which a 2 = am 2 p and D ab {x) was defined in Eq. (2.13). From Eq. (2.16), we see \d v A a v = -\ a ^ 0. Therefore, 
to ensure the action to be gauge- invariant, the following constraint condition on the gauge group is necessary to be 
required 

d^Vf{x)6 h {x)) = 0. (2.20) 

When we introduce, as usual, the ghost field variables C a (x) in such a manner 

6 a (x) = £C a (x), (2.21) 

where £ is an infinitesimal Grassmann's number, the constraint condition in Eq. (2.20) can be rewritten as 

d n(pab C b) = 0, (2.22) 

where the number £ has been dropped. This constraint condition usually is called ghost equation. Certainly, the 
condition in Eq. (2.22) may also be incorporated into the Lagrangian in Eq. (2.17) by the Lagrange multiplier method 
to give a more generalized Lagrangian as follows 

C x = C + \ a d^Al + ^a(X a ) 2 + C a d»{VfC h ) (2.23) 

where C a (x), acting as Lagrange undetermined multipliers, are the new scalar variables conjugate to the ghost 
variables C a (x). 

At present, we are in a position to proceed the quantization of the model. As we learn from the Lagrange un- 
determined multiplier method, the dynamical and constrained variables as well as the Lagrange multipliers in the 
Lagrangian (2.23) can all be treated as free ones, varying independently Therefore, in the Lagrangian path-integral 
formalism of quantization [10, 16, 17], we are allowed to use this kind of Lagrangian to construct the generating 
functional of Green functions 

Z% V , J a \ K a ,T, e] = / D$, i>, A", 7T a ,C a L C a , \ a )exp{i J d 4 x[£ A (x) 
+i>(x)ri(x) +rj(x)vjj(x) + J a ^(x)A a ^(x) + K a Tr a + f(x)C a (x) + C a (x)(, a (x)}} [ ' ' 
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where D{A a fl , ■ ■ ■ ,X a ) denotes the functional integration measure, 77,77, J^, K a , £ and £ a are the external sources 
coupled to the nucleon, p- meson, pion and ghost fields respectively and N is the normalization constant. The integral 
over X a (x) in Eq. (2.24), as seen from Eq. (2.23), is of Gaussian- type. After calculating this integral, we arrive at 

Z[rJ, V ,J^,K a ,T,^} = j T fD(^,A-,n a ,C a ,C a )exp{ifd 4 x[jC eff (x) 
+ip{x)r 1 (x)+ri(x)iP(x) + J a "(x)A a ^(x) + K a n a + f{x)C a {x) + C a (x)^ a (x)}} [ ' ' 



where 



C eff =£- ^-(d^A^) 2 - d»C a V ab C b (2.26) 

is the effective Lagrangian given in arbitrary gauges in which C is the Lagrangian written in Eqs. (2.1)-(2.9), and the 
second and third terms usually are named as gauge-fixing term and ghost term, respectively. 

Similar to other gauge field theories such as the standard model, for the quantum hadrodynamics described above, 
there are a set of BRST-transformations including the infinitesimal gauge transformations shown in Eq. (2.12) and 
the transformations for the ghost fields under which the effective action is invariant. The transformations for the 
ghost fields may be found from the stationary condition of the effective action under the BRST-transformations. By 
applying the transformations in Eq. (2.12) to the action given by the Lagrangian in Eq. (2.26), one can derive 

SS = J d 4 x{[5C a - ^d v A a v ]d»{VfC b ) + C a d»S(V a J>C b )} = 0. (2.27) 

This expression suggests that if we set 

SC a = -d v A a v (2.28) 

a 

and 

d"S{VfC b ) = 0. (2.29) 

The action will be invariant. Eq. (2.28) gives the transformation law of the ghost field variable C a (x) which is similar 
to the one in quantum chromodynamics (QCD). From Eq. (2.29), we may derive a transformation law of the ghost 
field variables C a (x). Noticing the relation in Eq. (2.19), we can write 

5(Vf(x)C\x)) = ^SC a (x) + 8{Df(x)C b (x)). (2.30) 

Paralleling to the proof in QCD [9, 18], it can be found that 

5(Df{x)C b {x)) = Df{x)[5C b {x) + ^ge bcd C c {x)C d {x)]. (2.31) 

With this result, Eq. (2.30) can be represented as 

5{Vf{x)C b {x)) = Vf{x)5C b {x) - Df{x)5C b {x) (2.32) 

where 

SCS(x) = -^e abc C b (x)C c (x). (2.33) 

On substituting Eq. (2.32) into Eq. (2.29), we have 

M ab (x)8C b (x) = M^ b (x)8C^(x) (2.34) 

where we have defined 

M ab {x) = d$V ab (x) = 5 ab (O x + a 2 ) - ge abc A^(x)d^ (2.35) 

and 
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M ab (x) = d£Df{x) = M ab {x) - cr 2 S ab . (2.36) 

It is noted that the operator in Eq. (2.35 ) is just the operator appearing in Eq. (2.22). Corresponding to Eq. (2.22), 
we may write an equation satisfied by the Green function A ab (x — y), 

M ac {x)A cb {x -y) = 5 ab 5 i (x - y). (2.37) 

The function A ab (x — y) just is the exact propagator of the ghost field which is the inverse of the operator M ab {x). 
With the help of Eq. (2.37) and noticing Eq. (2.36), we may solve out the SC a (x) from Eq. (2.34) 

SC a (x) = (M^MoSCorix) = {M-\M - a 2 )SC } a (x) 
= SC§(x) -a 2 j d*yA ab (x - y)6C b (y). 

This just is the transformation law for the ghost field variables C a (x). It is interesting to note that in the Landau 
gauge (a = 0), due to a = 0, the above transformation will reduce to the form similar to the one given in QCD. This 
result is natural since in the Landau gauge, the p-meson field mass term in the action is gauge- invariant. However, in 
general gauges, the mass term is no longer gauge-invariant. In this case, to maintain the action to be gauge-invariant, 
it is necessary to give the ghost field a mass a so as to counteract the gauge-non-invariance of the p-meson field mass 
term. As a result, in the transformation given in Eq. (2.38) appears a term proportional to a 2 . 



II. WARD-TAKAHASHI IDENTITIES 



This section is devoted to deriving the W-T identities satisfied by generating functionals based on the BRST- 
symmetry of the theory. When we make the BRST-transformations shown in Eqs. (2.12), (2.28) and (2.38) to the 
generating functional in Eq. (2.25) and consider the invariance of the generating functional, the action and the 
integration measure under the transformations (the invariance of the integration measure is easy to check), we obtain 
an identity such that [9, 17] 

i / V(A^,C a ,C a ,ir a ,i),i)) / d 4 x{J a v{x)6A*(x) +fj(x)6i>(x) + 8${x)ri{x) 

+K a (x)5ir a (x) +6C a (x)Z a (x) + T(x)SC a (x)}e iS+EST (3.1) 

= 

where EST is an abbreviation of the external source terms appearing in Eq. (2.25). The Grassmann number £ 
contained in the BRST-transformations in Eq. (3.1) may be eliminated by performing a partial differentiation of Eq. 
(3.1) with respect to £. As a result, we get a W-T identity as follows 

■fr J T>(A%, C a , C a ,^, ip) J d 4 x{J a ^(x)AA^(x) - f)(x)Aip(x) + A^(x)r](x) 

+K a {x)AK a {x) + AC a {x)C{x) - f{x)AC a {x)}e lS+EST (3.2) 

= 

where 

AAl{x) = D ab {x)C b {x), 
Af(x) = igT a C a (x)ip(x), 
AV-(x) = igil)(x)T a C a {x), 

ATT a \x) = ge abc ir b {x)C c {x), (3.3) 
AC a {x) = £0M£(aO, 
AC a (x) = J d 4 y[S ab S 4 (x -y)- a 2 A ab (x - y)]AC b (y), 
AC b (y) = -\ge bcd C c (y)C d (y)- 

The functions defined above are finite. Each of them differs from the corresponding BRST-transformation written in 
Eqs. (2.12), (2.28) and (2.38) by an infinitesimal Grassmann parameter £. 

In order to represent the composite field functions AA^, Af/5, Aip, Air a and AC" in Eq. (3.2) in terms of differentials 
of the functional Z with respect to external sources, we may, as usual, construct a generalized generating functional by 
introducing new external sources (called BRST-sources later on) into the generating functional written in Eq. (2.25), 
as shown in the following [9, 17] 

z [Jjl,V,€ a , Ka , V, m « a > X a i C C] 
= jjj £>[V>, ip, Al, TT a ,C a , C a , }exp{iS + i J d 4 x[u a ^AA* + Aip( + (A^ (3.4) 

+ x a ATT a + v a AC a + J a ^Al + Tc a + C a i a + K a ir a + fjtp + i>r}]} 
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where u aAI , v a , \ a C an d C are the sources of the functions AC a , Air a , A "J and Atp, respectively. Obviously, the 

u atl , AA^, \ a and A7r a are anticommuting quantities, while, the v a , (, (, AC a , A-ip and Aip are commuting ones. We 
may start from the above generating functional to re-derive the W-T identity. In order that the identity thus derived 
is identical to that as given in Eq. (3.2), it is necessary to require the BRST-source terms UiAQi, where ttj = u aM , v a , 
X a , ( or C an d A$i = AA®, AC a , Air a , A* or A\& to be invariant under the BRST-transformations. How to ensure 
the BRST-invariance of the source terms? For illustration, let us introduce the source terms in such a fashion 

/ d^xlu^SA* + v a SC a + x a Sn a + (Sijj + (3 5) 
= / d 4 x[u a ^AA* + /AC + x a A7r a + CA?A + AV<] 

where 

u a » = u a ^, v a = v a £, X a = X a L ? = ? = (3-6) 

These external sources arc defined by including the Grassmann number £ and hence products of them with £ vanish. 
This suggests that we may generally define the sources by the following condition 

u£ = 0. (3.7) 

Considering that under the BRST-transformation, the variation of the composite field functions given in arbitrary 
gauges can be represented in the form <5A$j = £$j where $, are functions without including the parameter £. Clearly, 
the definition in Eq. (3.7) for the sources would guarantee the BRST- invariance of the BRST-source terms. When 
the BRST-transformations in Eqs. (2.12), (2.28) and (2.38) are made to the generating functional in Eq. (3.4), due 
to the definition in Eq. (3.7) for the sources, we have UjJA$j — which means that the BRST-source terms give a 
vanishing contribution to the identity in Eq. (3.1). Therefore, we still obtain the identity as shown in Eq. (3.1) except 
that the external source terms is now extended to include the BRST-external source terms. This fact indicates that 
we may directly insert the BRST-source terms into the exponent in Eq. (3.1) without changing the identity itself. 
When performing a partial differentiation of the identity with respect to £, we obtain a W-T identity which is the 
same as written in Eq. (3.2) except that the BRST-source terms are now included in the identity. Therefore, Eq. 
(3.2) may be expressed as 

-Z a WsJ^ + ^ a (^jj^]Z[J^ ■■■,<;] (3-8) 
= 0. 

This is the W-T identity satisfied by the generating functional of full Green functions. 
On substituting in Eq. (3.8) the relation [9, 17] 

Z = e iW (3.9) 

where W denotes the generating functional of connected Green functions, one may obtain a W-T identity expressed 
by the functional W 

Jd 4 x[J^(x)^-n(x)^+v(x)^+K^x)^ 

+ ht a (*Wsj^}w[JZ, ■ ■ ■ , C] (3-10) 

= 0. 

From this identity, one may get another W-T identity satisfied by the generating functional T of proper (one-particle- 
irreducible) vertex functions. The functional T is usually defined by the following Legendrc transformation [9, 17] 

4„r ra Aau 1 f a ria i r~ta/-a i Tsa—a i --/. i ./.„! W- 1 ^ 



r[A«", c\ c a ,n a , V; u% v a , x \ C, C] = w[J%, $ , r, k\ fj, m u j, v\ x a , C, C] 

- / d 4 x[J*A a ^ + Cc a + C a £ a + K a TT a + fjtP + i/>rj\ 



where A a , C a , C a , n a , ip and tp are the field variables defined by the following functional derivatives 



Aa( \ _ SW na,( \ _ SW C, a (-r\ — SW 
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From Eq. (3.11), it is not difficult to get the inverse transformations [9, 17] 

K a (x) = - 57r a (a .) , ^(z) = j^Jl ^O^) = ~S^j- 

It is obvious that 



(3.13) 



(3.14) 



w__5r_ w_£r si^_sw_ <ttv_sr sw _ sv 

Employing Eqs. (3.13) and (3.14), the W-T identity in Eq. (3.10) will be written as [9, 17] 

f r7 4 -r-r sr sr , <5r sr , ar <5r 

J u ^SA^ix) Su a *{x) T SC a {x) Sv a (x) T Sxj)(x) SC,(x) 

i sr sr , ar ar , i^ mu at i i k\ 

+ S^(x) S((x) + 8ir°(x) S X "(x) + a °x A »\ X > 5C a (x)> K ' 

= 0. 

This is the W-T identity satisfied by the generating functional of proper vertex functions. 

The above identity may be represented in another form with the aid of the so-called ghost equation of motion. The 
ghost equation may easily be derived by first making the translation transformation: C a — ► C a + \ a in Eq. (2.25) 
where A a is an arbitrary Grassmann variable, then differentiating Eq. (2.25) with respect to the A a and finally setting 
A" = 0. The result is [9, 17] 

1 J D(A;,C a ,C a ,K a ,^){C(x) +d^(V; b (x)C b (x))}e iS+EST = 0. (3.16) 

When we use the generating functional defined in Eq. (3.4) and notice the relation in Eq. (2.19), the above equation 
may be represented as [9, 17] 

-. -ia 2 ^— ]Z[J a u , ••-,<] =0. (3.17) 

On substituting the relation in Eq. (3.9) into the above equation, we may write a ghost equation satisfied by the 
functional W such that 

f(x)+^-^ + ^=0. (3.18) 

V ' x Su^(x) Sf(x) V ' 

From this equation, the ghost equation obeyed by the functional T is easy to be derived by virtue of Eqs. (3.12)-(3.14) 
[9, 17] 

M ~ d x i x -<y 2 C a {x) = 0. (3.19) 



SC a (x) x 5u a ^{x 

Upon applying the above equation to the last term in Eq. (3.15). the identity in Eq. (3.15) will be rewritten as 

r ^4 r sr sr , sr sr , sr_ sr_ , <5r <5r 

J " X t SAJ Su"^ "•" SC a 5v a "T" 8ij) SC Sip SC 

+ sM)sf {x) + myrW (3.20) 
= 0. 

Now, let us define a new functional T in such a manner 

f = r + -L J d A x{d^AD 2 . (3.2i) 



From this definition, it follows that 



77- = 7T- + ~^d v A a v . (3.22) 

fX f-L 
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When inserting Eq. (3.21) into Eq. (3.20) and considering the relation in Eq. (3.22), we arrive at 



/ 



. r ST ST ST ST , ST ST , ST ST ST ST t 



<fx{^-r-- + tt^^- + T-TT + TTT7+ r r + mtd v A?,C a } = 0. (3.23) 

1 SA" 8u a » 5C a Sv a Sip S( Sip S( Sir a 5x a p 



The ghost equation represented through the functional f is of the same form as that in Eq. (3.19) 

TtS-T - d% - —. . - a 2 C a (x) = 0. (3.24) 
5C a {x) x 8u a v(x) ' y 1 

In the Landau gauge, since a = and <9 y A°= 0, Eqs. (3.23) and (3.24) respectively reduce to [9, 17] 

. r <jf St St St St St St St ST ST , n 
L <5A£ <5w a ^ <5C a <Sv a Sip S( Sip S( 5ir a $x a 

and 

^-8^=0. (3.26) 

which are homogeneous equations 

From the W-T identities formulated above, we may derive various W-T identities obeyed by Green functions and 
vertices, as will be illustrated in the next sections. 

III. p-MESON AND GHOST PARTICLE PROPAGATORS 

In this section, we plan to derive the W-T identities satisfied by the p-meson and ghost particle propagators by 
starting from the W-T identity represented in Eq. (3.8) and the ghost equation shown in Eq. (3.17) and then discuss 
their renormalization. Let us perform differentiations of the identities in Eqs. (3.8) and (3.17) with respect to the 
external sources £, a {x) and £ b (y) respectively and then set all the sources except for the source J^(x) to be zero. In 
this way, we obtain the following identities 



i^-^L + / d^J b »(y) f? [ ^ ai L = o (4.1) 
a x SJ a ^(x) J y xy ' 8£, a {x)5u bv {yy K 



and 



igx S 2 Z[J.Cu] i . , „-,2 S 2 Z[J,U] 



n S K (x)8e(y) \t= u =° + m sT(x)se(v) '«=«=° (4.2) 
+S ab S 4 (x-y)Z[J] =0. 

Furthermore, on differentiating Eq. (4.1) with respect to J b (y) and then letting the source J vanish, we may get an 
identity which is, in operator representation, of the form [9, 17] 

< + \T[A;(x)AUy)}\0- >=< + \T*[C°(x)D?{y)C d {y)]\0- > (4.3) 

where A" (x), C a (x) and C a (x) stand for the gluon field and ghost field operators and T* symbolizes the covariant 
time-ordering product. When the source J is set to vanish, Eq. (4.2) gives such an equation [9, 17] 

i% < 0+\T*{C-(x)D h l f(y)C d (y)}\0- > 
+ia 2 < 0+\T[C a (x)C b (y)]\0- >= S ab S 4 (x -y). 

Upon inserting Eq. (4.3) into Eq. (4.4), we have 

d%d v y Df v {x -y)- aa 2 A ab (x - y) = -a5 ab 8\x - y) (4.5) 

where 
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iD%(x y) =< + \T{A;(x)Al(y)}\0- > (4.6) 
which is the full p-mcson propagator and 

iA ab (x - y) =< 0+\T{C a (x)C b (y)}\0- > (4.7) 

which is the full ghost particle propagator. Eq. (4.5) just is the W-T identity respected by the p-meson propagator 
which establishes a relation between the longitudinal part of p-meson propagator and the ghost particle propagator. 
Particularly, in the Landau gauge (a = 0), as we see, Eq. (4.5) reduces to the form which exhibits the transversity 
of the p-meson propagator. By the Fourier transformation, Eq. (4.5) will be converted to the form given in the 
momentum space as follows 

Wk v Df„(k) ~ aa 2 A ab (k) = -aS ab . (4.8) 

The ghost particle propagator may be determined by the ghost equation shown in Eq. (4.4). However, we would 
rather here to derive its expression from the Dyson-Schwingcr equation [24] satisfied by the propagator which may be 
established by the perturbation method. 

A ab (fc) = Af(k) + A% a '(k)n a ' b '(k)A b ' b (k) (4.9) 

where 

tAfik) = tS^Avik) = ~ tS * b . (4.10) 
k z — cr z + is 

is the free ghost particle propagator which can be derived from the generating functional in Eq. (2.25) by a perturbative 
calculation and —ifl ab (k) = —i5 ab fl(k) denotes the proper self-energy operator of ghost particle. From Eq. (4.9), it 
is easy to solve that 

— ir) ab 

iA ab {k) = ; (4.11) 

k 2 [l + Q(k 2 )} -a 2 + is 
where the self-energy has properly been expressed as 

n(k) = k 2 n(k 2 ). (4.12) 

Similarly, we may write a Dyson-Schwinger equation for the p-meson propagator by the perturbation procedure [24] 

ZV(fc) = D%(k) + Dl x (k)U x "(k)D pv (k) (4.13) 
where the color indices are suppressed for simplicity and 

iD(° )ab (k) = iS ab D (a) (k) = -iS ab \ 9 ^ v ~ k » kv l k2 + ak ^/ k2 i / 4 u) 

1 » v [ ) ^ ( ) [ k 2 -m 2 +ie + k 2 -<j 2 + ie l ( ' 

is the free p- meson propagator which can easily be derived from the perturbative expansion of the generating functional 
in Eq. (2.25) and — i\l ab v {k) = —i5 ab H llv (k) stands for the p-meson proper self-energy operator. Let us decompose 
the propagator and the self-energy operator into a transverse part and a longitudinal part: 



D^{k) = D^{k) + D^(k), n""(fc) - n^(fc) + nf (fc) (4.15) 



where 



D^(k)=V^(k)D T (k 2 ), D^(k)=V^(k)D L (k 2 ), 

u^(k) = v^(k)ii T (k 2 ), u^(k) = r^(k)u L (k 2 ^ ' ,,; 



ph are the transverse and longitudinal projectors respectively. Considering 
these decompositions and the orthogonality between the transverse and longitudinal parts, Eq. (4.13) will be split 
into two equations 

D T ,Ak) = D° Tflv (k) + D° TftX (k)U^(k)D Tpv (k) (4.17) 
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and 

D Llu ,(k) = D° L ^(k) + D° L ^(k)U x L "(k)D Lpv (k). (4.18) 
Solving the equations (4.17) and (4.18), one can get 

in ab (h\- il) ab \ ak^ky/k 2 

%U ^~ i F + n T (fc2)- m 2 + ze + A . 2 + a n i (fc 2 )-a2 + z e | - l4 - iyj 

With setting 

n T (fc 2 ) = fc 2 nx(fc 2 ) + m 2 n 2 (fc 2 ) (4.20) 

which follows from the Lorentz-covariance of the operator fly (A: 2 ) and 

aU L (k 2 ) = k 2 U L (k 2 ), (4.21) 

Eq. (4.19) will be written as 



l ab (k') = — ?7> afc i g/x^ k^kyjk 2 ak^kyjk 2 

^ ) 1 fc 2 [l + n 1 (fc 2 )]-m 2 [l-n 2 (fc 2 )]+ze + A : 2 [l + ri i (fc2 )] _ (7 2 +2e - 



We would like to note that the expressions given in Eqs. (4.12), (4.20) and (4.21) can be verified by practical 
calculations and are important for the renormalization of the propagators and the p-meson mass. 
Substitution of Eqs. (4.11) and (4.22) into Eq. (4.8) yields 

n,(* 2 ) = ^"^^ - (4.23) 

k 2 [i + n(k 2 )} 

From this relation, we see, either in the Landau gauge or in the zero-mass limit, the IlL(fc 2 ) vanishes. 

Now let us discuss the renormalization. The function f2(fc 2 ) in Eq. (4.11) and the functions IIi(fc 2 ), II2 (A; 2 ) and 
IlL(k 2 ) in Eq. (4.22) are generally divergent in higher order perturbative calculations. According to the conventional 
procedure of renormalization, the divergences included in the functions ^(fc 2 ), IIi(fc 2 ), U 2 (k 2 ) and n_L(fc 2 ) may be 
subtracted at a renormalization point, say, k 2 — [i 2 . Thus, we can write [9, 16, 17] 

o(fc 2 ) = o( M 2 ) + ^(fc 2 ), n 1 (fc 2 ) = n 1 ( A1 2 ) + n^(fc 2 ), 

n 2 (fc 2 ) = n 2 (^ 2 ) + n^(fc 2 ), n L (fc 2 ) = n L ( M 2 ) + w L {k 2 ) y ' ' 

where f2(p 2 ), Ili(p 2 ), n 2 (p 2 ), Ul(h 2 ) and fl c (k 2 ), Il^fc 2 ), Il^fc 2 ), fl c L (k 2 ) are respectively the divergent parts and the 
finite parts of the functions n(k 2 ), IIi(fc 2 ), fl 2 (fc 2 ) and Il^fc 2 ). The divergent parts can be absorbed in the following 
renormalization constants defined by [9, 16, 17] 



z- 1 = 1 + fV), z~ x = \ + n^ 2 ), z'f 1 = i + u L ^ 2 ), 
z-] = y/z 3 [i - n,^ 2 )] = ^ - iii(^ 2 )][i - u 2 (^)] 



(4.25) 



where Z 3 and Z 3 are the renormalization constants of p-meson and ghost particle propagators respectively, Z 3 is 
the additional renormalization constant of the longitudinal part of gluon propagator and Z„ lp is the renormalization 
constant of gluon mass. With the above definitions of the renormalization constants, on inserting Eq. (4.24) into Eqs. 
(4.11) and (4.22) , the ghost particle propagator and the gluon propagator can be renormalizcd, respectively, in such 
a manner 

iA ab (k) = Z 3 iA a j!?(k) (4.26) 

and 

iDf v (k) = Z 3 iD R £(k) (4.27) 

where 
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and 

*»Rv,W X k 2 -m R2 +Tl T R {k 2 ) + ie k 2 [l + I{ L R {k 2 )]-n 2 R 



tab /t,\ -^afcr ^f*" k^k v /k 2 Z 3 a R kfik v jk 2 



-} (4.29) 



- ze 



are the renormalized propagators in which , and cr^ are the renormalized masses, a R is the renormalized gauge 
parameter, Q R (k 2 ), n|J(A: 2 ) and n^(/c 2 ) denote the finite corrections coming from the loop diagrams. They are defined 
as 



m p = Z ml m p, a R = Z 3 1q: ' °R = \/ Z 3 (7 ^ °R = V ^3^, / 4 3 Q) 

n R (k 2 ) = z 3 fr(k 2 ), n T R (k 2 ) = z 3 {k 2 iii(k 2 ) + m 2 p w 2 (k 2 )}, n^(fc 2 ) = z^n c L (fc 2 ). 

From the definitions in Eqs. (4.24) and (4.30), it is clearly seen that at the renormalization point fi, the finite 
corrections fl R (k 2 ), r[JJ(fc 2 ) and H R (k 2 ) vanish. In this case, the propagators reduce to the form of free ones. As 
we see from Eq. (4.29), the longitudinal part of the gluon propagator, except for in the Landau gauge, needs to 
be renormalized and has an extra renormalization constant Z 3 . This fact coincides with the general property of 
the massive vector boson propagator (see Ref. (9), Chap.V). From Eqs. (4.23)-(4.25) , it is easy to find that the 
longitudinal part in Eq. ( 4.22) can be renormalized as 

= Z 3 a R [l + Q R (k 2 )]A R (k 2 ) (4.31) 



k 2 [l + U L (k 2 )]-(7 2 + ie 

where 

1 

k 2 [l + Q, R {k?)} -a 2 R + ie 
which appears in Eq. (4.28) and the renormalization constant Z' 3 can be expressed as 

Z' 3 = [l+ a A^M]-\ (4.33) 
3 M 2 Z 3 1 

If choosing fi = a R , we have 

Z' 3 = Z 3 . (4.34) 



IV. p-MESON THREE-LINE PROPER VERTEX 



The aim of this section is to derive the W-T identity satisfied by the p-meson three-line proper vertex and discuss 
the renormalization of the vertex. For this purpose, we first derive a W-T identity satisfied by the p-meson three-point 
Green function. Let us begin with the derivation from the W-T identity in Eq. (4.1) and the ghost equation in Eq. 
(4.2). By taking successive differentiations of Eq. (4.1) with respect to the sources J„(y) and J\(z) and then setting 
the sources to vanish, one may obtain the W-T identity obeyed by the p-meson three-point Green function which is 
written in the operator form as follows 

±d£Gf v \{x,y,z) = < + \T*[C-(x)t) b l f(y)C d (y)Al(z)}\0- > 

+ < 0+\T*[C°(x)A*(y)B?(z)C d (z)]\0- > (5.1) 

where 

G;l\(x,y,z) =< + \T[A;(x)Al(y)Al(z)]\0- > (5.2) 

is the three-point Green function mentioned above. The identity in Eq. (5.1) will be simplified by a ghost equation 
which may be derived by differentiating Eq. (4.2) with respect to the source J\{z) 
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<9£ < 0+\T*{Df(x)C d (x)C b (y)A c x (z)}\0- > 
+a 2 < 0+\T[C a (x)C b (y)A c x (z)}\0-} >= 0. 



(5.3) 



Taking derivatives of Eq. (5.1) with respect to y and z and employing Eq. (5.3), we get 

d%d v y d x z Gf v \{x, y, z) = a* 2 {d»G cab (z, x, y) + d x z G bac x {y, x, z)} (5.4) 

where 

G ab *(x, y, z) =< 0+\T{C a (x)&(y)Al(z)}\0- > . (5.5) 

is the three-point p-meson-ghost particle Green function. In the Landau gauge, Eq. (5.4) reduces to 

dHd^Gf u \(x,y,z) = (5.6) 

which shows the transversity of the Green function. From Eq. (5.4), we may derive a W-T identity for the p- meson 
three-line vertex. For this purpose, it is necessary to use the following one-particle-irreducible decompositions of the 
Green functions which can easily be obtained by the well-known procedure [9, 17] 



G ab \(x, y,z) = J d*x'd 4 y'd 4 z'iD™'(x - x') 



- HUA\~' J a - - » V ; (5 7) 

xiDlUy-y^DrUz-z^T^ix^y^z') 



and 

G abc v {x,y,z) = Jd 4 x'd i y'd 4 z'iA aa '(x-x')T a ' b ' c '^'(x',y',z') . . 

xiA b ' b (y' - y)iDfo{z' - z) l ' j 

where iD a ®,(x — x') and iA aa {x — x 1 ) are respectively the /9-meson and the ghost particle propagators discussed 

in the preceding section, r^^(x,y,z) and T ab x (x,y, z) are the three-line p-meson proper vertex and the three-line 
p— meson-ghost particle proper vertex respectively. They are defined as [9, 17] 



r ^^ z)=i sA^nmsm^° (5 - 9) 



and 



<5 3 r 

ra "^^ ) - ^(^(^(,) 1 ^ (5 - 10) 

where J stands for all the external sources. Substituting Eqs. (5.7) and (5.8) into Eq. (5.4) and transforming Eq. 
(5.4) into the momentum space, one can derive an identity which establishes the relation between the longitudinal 
part of the three-line p-meson vertex and the three-line ghost vertex as follows 

p»q»k X A a J> v \(p,q,k) = -^x{p 2 )[x{k 2 )q u A cab v {k,V,q) n) 



where we have defined 



and 



r°&(p. <?. k ) = ( 2 ^Hp + q + k)Af v \{p, q , k), 

T ab l(p, q, k) = {2n)H\p + q + k)A abc x (p, q, k) 



(5.12) 



X (P 2 ) = {k 2 [l + n L (p 2 )} -a 2 + ie}{k 2 [l + n(p 2 )} -a 2 + ze}" 1 
= [l + 0(fc 2 )]- 1 

here I1l(p 2 ) and Cl(p 2 ) are the self-energies defined in Eqs. (4.12) and (4.21). The second equality in Eq. (5.13) is 
obtained by inserting the relation in Eq. (4.23) into the first equality. 
Obviously, in the Landau gauge, Eq. (5.11) reduces to 
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p»q»k x Af u \(p,q,k)=0 (5.14) 
which implies that the vertex is transverse in this case. In the lowest order approximation, owing to 

X(P 2 ) = 1 (5-15) 

and 

A^ a %(p,q,k)=ge abc p li , (5.16) 
the right hand side (RHS) of Eq. (5.11) vanishes, therefore, we have 

p^k x A (o) ;l c x (p, q ,k) = 0. (5.17) 

This result is consistent with that for the bare three-line p-meson vertex given by the Feynman rule. 

Now, let us discuss the renormalization of the three-line gluon vertex. From the renormalization of the p-meson 
and ghost particle propagators described in Eqs. (4.26) and (4.27) and the definitions of the propagators written in 
Eqs. (4.6) and (4.7), one can see 



C a (x) = VZ 3 C a R (x), C a (x) = VZ 3 C a R (x) 

(hereafter the subscript R marks rcnormalizcd quantities). According to above relations and the definitions given in 
Eqs. (5.9), (5.10) and (5.12), we find 

K^P> <?' fc ) = ^ 3/2 A«^ c A (p, q, k), 
A ab \(p,q,k) = Z^Z 3 l,2 K R ^(p,q,k). 

Applying these relations, the renormalizcd version of the identity written in Eq. (5.11) will be 

p»q v k X A R %{p,q,k) = -^XR{p 2 )[XR{k 2 )q v A R ™ b {k,p,q) , 2Q) 

+ X R(q 2 )k i A R ba Z( q ,p,k)] 

where an and or were defined in Eq. (4.30) and 

XR{h2) = TT^m (5 - 21) 

is the renormalized expression of the function x(k 2 )- In the above, we have considered 

X (k 2 ) = Z 3XR (k 2 ) (5.22) 

which follows from Cl(k 2 ) — Cl(p 2 ) + Cl c (k 2 ), Z^ 1 = l + 0(p 2 ) and Vl R (k 2 ) — Z 3 Cl c (k 2 ) defined in the preceding section. 
At the renormalization point chosen to be p 2 = q 2 = k 2 = p 2 , we see, X r(^ 2 ) = 1- I n this case, the renormalized 
ghost vertex takes the form of the bare vertex so that the RHS of Eq. (5.20) vanishes, therefore, we have 

p»q»k x A R a J? x (p,q,k)\ p 2= q2 = k2 ^ =0. (5.23) 

Ordinarily, one is interested in discussing the renormalization of such three-line vertices that they are defined from 
the vertices defined in Eqs. (5.9) and (5.10) by extracting a coupling constant g. These vertices are denoted by 
A ab £ x (p, q, k) and A ab x (p, q, k). Commonly, they are renormalized in such a fashion [9, 17] 

A#= A (p, 9, k) = Zj'A^p, q, k), 
A ab Z(p,q,k) = Z^A R bc x (p,q,k) 

where Z\ and Z\ are referred to as the renormalization constants of the p-meson three-line vertex and the p— meson- 
ghost particle vertex, respectively. It is clear that the W-T identity shown in Eq. (5.11) also holds for the vertices 
A ab £ x {p, q, k) and A ab x (p,q,k). So, when the vertices A ab £ x (p,q,k) and A ab x (p,q,k) in Eqs. (5.11) are replaced by 
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A°^ x (p, q, k) and A ab x (p, q, k) respectively and then Eq. (5.24) is inserted to such an identity, we obtain a renormalized 
version of the identity as follows 

p^k^A R ^(p,q,k) = - j|^| XiJ (^)[ Xfl (fc2) 

xq v A R ca >(k,p,q)+ X R(q 2 )k x A R ba Z(q,p,k)}. 

When multiplying the both sides of Eq. (5.25) with a renormalized coupling constant gn and absorbing it into the 
vertices, noticing 



AS£„ A (P. 9, k) = g R A a R % x (p, q, k), 
A R bc x (p,q,k)=g R A R bc x (p,q,k), 



(5.26) 

^R"jW?ifj = 9r^r- \\P,q,K), 
we have 



x« v A fl co I/ 6 (A: ) p,g) + Xfl((r)A A A fl 6 ^(?,p,fc)]. 

In comparison of Eq. (5.27) with Eq. (5.20), we see, except for the factor Z\Z^Z^ Z± , the both identities are 
identical to each other. From this observation, we deduce 

f = f ■ (5.28) 
This is the S-T identity similar to that given in QCD [9, 16, 17, 19]. 



V. p-MESON FOUR-LINE PROPER VERTEX 



By the similar procedure as deriving Eqs. (5.1) and (5.3), the W-T identity obeyed by the p-meson four-point 



Green function may be derived by differentiating Eq. (4.1) with respect to the sources J x (z) and J d (u). The 



result represented in the operator form is as follows 

=< 0+\T*[C-(x)D b T(y)C%y)Al(z)A d T (u)]\0- > 
+ <Q+\T*[C a (x)Al{y)t)f{z)C e {z)A d T {u)]\Q-> 
+ < 0+\T*[C a {x)A b v (y)A c x (z)D* e {u)C e (u)]\0- > 

where 

G$$ T (x,y,z,u) =< + \T[A^x)Ai(y)Al(z)A d T (u)]\0- > (6.2) 

is the p-meson four-point Green function. The accompanying ghost equation may be obtained by differentiating Eq. 
(4.2) with respect to the sources J x (z) and J d (u). The result is 

fi£ < 0+\T*[D^(x)C e (x)C b (y)Al(z)A d T (u)]\0- > , , 

+a 2 G ab { d {x,y,z,u) = -5 ab 5\x-y)D cd T {z-u) V ' ' 

where 

G abc x d T (x,y,z,u) =< 0+\T[C a (x)C b (y)A c x (z)A d r (u)]\0- > (6.4) 

is the four-point p-meson-ghost particle Green function. Differentiation of Eq. (6.1) with respect to the coordinates 
y, z and u and use of Eq. (6.3) lead to 

±d%d»d x z dlG% cd T {x, y, z, u) = 5 ab 6 4 (x - y)d^ u D c x d (z - u) 
+S ac 5 4 (x - z)d»dlD bd T {y -u) + 5 ad 5\x - u)d^D bc x (y - z) 

+a 2 {d*dZG bac x d .(y, x, z, u) + dplG cabd (z, x, y, u) [0 -°> 
+dyd^G dab x (u, x, y, z)}. 
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It is noted that the four-point Green functions appearing in the above equations are unconnected. Their decompo- 
sitions to connected Green functions are not difficult to be found by making use of the relation between the generating 
functional Z for the full Green functions and W for the connected Green functions as written in Eq. (3.9). The 
result is 

Gf u c t (x, y, z, u) = Gffi T (x, y, z, u) c - D$(x - y)Df T {z - u) 

-D« x (x - z)D bd T (y - u) - D#(x - u)D bc x (y - z) ^ 

and 

G abc x d (x,y lZl u) = G abcd T (x,y,z,u) c - A ab (x - y)D cd T (z - u). (6.7) 

The first terms marked by the subscript "c" in Eqs. ( 6.6) and (6.7) are connected Green functions. When inserting 
Eqs. (6.6) and (6.7) into Eq. (6.5) and using the W-T identity in Eq. (4.5), one may find 

d^dlGf v cd T {x, y, z, u) c = aa 2 {d^G dabc x (u, x, y, z) c 

+d^G cab J(z, x, y, u) c + d*dZG bac x d T (y, x, z, u) c }. yV -°> 

This is the W-T identity satisfied by the connected four-point Green functions. In the Landau gauge, we have 

d^d:G a Jl cd T (x, y, z, u) c = (6.9) 

which shows the transversity of the Green function. 

The W-T identity for the four-line proper p-meson vertex may be derived from Eq. (6.8) with the help of the 
following one-particle-irreducible decompositions of the connected Green functions which can easily be found by the 
standard procedure [9, 17], 

G^ T (x u x 2 ,x 3 ,x 4 ) c 
= f n^yiD^ix! - yi )D b X,{x 2 - y 2 )T^'j,' ( yi ,y 2 ,y 3 ,y 4 ) 

xDi,l( y3 -x 3 )Df d (y 4 -x 4 ) 

4 



+ij n dVzM^ix, - yi )D b S(x 2 y2)ry b : e p (y u y2,y 3 ) 



i—l 



(6.10) 



and 



xD;;,(y 3 - zi)T p e ,^, ( Zl , Z2 , z 3 )D^ x { Z2 - x 3 )Df' d (z 3 - x 4 ) 
+Dfi,{x 1 - yi)D&,(x 3 - y 2 )T^; e p ( yi ,y 2 ,y 3 )D^(y 3 - Zl ) 

xTii T J(z u z 2 ,z 3 )D b X(z 2 - x 2 )Df d (z 3 - x 4 ) 
+D b £,(x 2 - yi )Dli(x 3 - y 2 )T^(y u y 2 ,y 3 )D;;,(y 3 - Zl ) 
><K4 T d '(^^2,z 3 )D^(z 2 - xi)D**{z z - x 4 )} 

G abc x d T {x u x 2 ,x 3 ,x 4 ) c 

= J ft d i y l A aa \x l - y 1 )T a , bl ^:(y 1 ,y 2 ,y 3 ,y 4 )A b ' b (y 2 - x 2 ) 

xD c x : c x (y 3 -x 3 )D d ' d ( y4 -x 4 ) 

+ij ft d 4 y i d 4 z i {A^(x 1 - yi)T a ,^{y u y 2 ,y 3 )A™'{y 2 - Zl ) 

i=l (6-11) 
xD d ' d (y 3 - x i )T e , h ^'(z 1 ,z 2 ,z 3 )A b ' b (z 2 - x 2 )D c x , c x (z 3 - x 3 ) 

+A aa '( Xl - y 1 )T a ,^{y 1 ,y 2 ,y 3 )A^{y 2 - z 1 )D^ x {y 3 - x 3 ) 

xT e , b ^,( Zl , Z2 , z 3 )A b ' b {z 2 - x 2 )D d ' d (z 3 - x 4 ) 

+A™'( Xl - yi)r a , b p e (y l7 y 2 ,y 3 )A b ' b (y 2 - x 2 )D%,(y 3 - Zl ) 

xK'^d'(^^,z 3 )Di,l( Z2 - x 3 )Df d (z 3 - x 4 )} 

where V^ d T {x\,x 2 ,x 3 ,x 4 ) is the four-line p-meson proper vertex and T ab x d (xi 1 x 2 ,x 3 ,x 4 ) is the four-line p— meson- 
ghost particle proper vertex. They are defined as [9, 16, 17] 



T a Xt (x 17 X 2 ,X 3 ,X4) = iSCa ( Xl) sc b (x 2 )8A^ (x 3 )SA^ (x 4 ) I J =° ' 
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When substituting Eqs. (6.10) and (6.11) into Eq. (6.8) and transforming Eq. (6.8) into the momentum space, one 
can find the following identity satisfied by the four-line meson proper vertex 



fc^fcJA^(fcl^2,fc 3 ,M = *( fc a i I k 3 t 



, , a c d b \ T ( a d b c 



fci k 3 fc 4 fc 2 J \ ki k4 k 2 k. 



(6.13) 



where 



abed 
ki k 2 k 3 fc 4 



= -ikfkZA^ih, k 2 , -(fci + k 2 ))Dl P f (h + k 2 )klklA f p f T (-(k 3 + k 4 ), k 3 , ki) 

+ ^ X (kf)x(k^HklA bac x d T (k 2 ,k 1 ,k 3 ,ki) (6.14) 
-A ba ^k 2 , hi, -(fci + k 2 ))D^(k 1 + fe0fc£fcIAg£(-(fc3 + ki), k 3 , k 4 ) 
~k\A bed T (k 2 , -(fc 2 + ki), h)A e f(k 2 + fc 4 )fc A A /a A c (-(fci + fc 3 ), k u k 3 ) 
-fc A A b -(fc 2 , -(k 2 + k 3 ),k 3 )A e f(k 2 + k^klAf^i-i^ + ki),h,ki)]. 

The second and third terms in Eq .(6.13) can be written out from Eq. (6.14) through cyclic permutations. In the 
above, we have defined 

r$? T (fci, **, h, h) = (2tt) 4 S\J: fcj)A^ T (fci, k 2 , k 3 , k 4 ), 

i 1 (6.15) 

T^krMMM) = (2^) 4 <S 4 (£ k^A^krMMM). 

i=i 

In the lowest order approximation, we have checked that except for the first term in Eq. (6.14) which was encountered 
in the massless theory, the remaining mass-dependent terms are cancelled out with the corresponding terms contained 
in the second and third terms in Eq. (6.13). Therefore, the identity in Eq. (6.13) leads to a result in the lowest order 
approximation which is consistent with the Feynman rule. 

The renormalization of the four-line vertices is similar to that for the three-line ones. From the definitions given in 
Eqs. (6.12), (6.15) and (5.18), it is clearly seen that the four-line vertices should be renormalized in such a manner 

Af v t(ki,k 2 ,k 3 ,k 4 ) = Z 3 2 A R f^ T {k u k 2 ,k 3 ,ki), 
A abcd T (k u k 2 , k 3 , h) = Z^Z^A R ahcd T (k Y ,k 2 , k 3 , h). y ■ ' 

On inserting these relations into Eqs. (6.13) and (6.14), one can obtain a renormalized identity similar to Eq. (5.20), 
that is 



Kk^klA^li T (k 1 ,k 2 ,k 3 ,ki) = ^ R ^ i ^ ^ I 

a c d b \ ^ ^ / a d b c 
fci k 3 k 4 k 2 J R \ k\ ki k 2 k 3 



(6.17) 



where 



abed 
fci fc 2 k 3 ki 

= -iKklA- b ; va (k x ,k 2 , -(fc x + k 2 ))D^ f (h + fc 2 )fc 3 A fcJA^ AT (-(fc 3 + h), fc 3 , h) 

+ §Xi?(fc?)Xi?(fc2 2 )[^3^A h fl ac l T (fc 2 ,fci,fc3^4) (6.18) 
-A%%(k 2 , h, -(^ + k 2 ))D° e p f (h + k 2 )k$klAf; d XT (~(k 3 + k 4 ), k 3 ,k 4 ) 
-klA% d T (k 2 , -(fc 2 + k 4 ), fc 4 )A^(fc 2 + fc 4 )fc 3 A A J? /ac A (-(fc 1 + fc 3 ), k u k 3 ) 
-fc 3 A A5f c A (fc 2 , -(fc 2 + fc 3 ), fc 3 )A^(fc 2 + fc 3 )fcIA^(-(fci + fc 4 ), fci, ki)]. 

We can also define vertices A^ c A d T (fci, fc 2 , fc 3 , fc 4 ) and A abc A d T (fci, fc 2 , fc 3 , fc 4 ) from the vertices A ab ^ d T (k\,k 2 ,k 3 ,ki) and 
A ab A <i(fci, fc 2 , fc 3 , fc 4 ) ^ t a kj n g ou t the coupling constant squared, respectively. The renormalization of these vertices 
are usually defined by [9, 17] 
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A$? T (*i, fc, k 3 , h) = Z^k R f v t{k u k 2 , k 3 , fc 4 ), 

A^^fci, fc 2 , fcs, fc 4 ) = ZT/^^fci, fe, fcs, fc 4 ). ^ ' ' 

where Z4 and Z 4 are the renormalization constants of the four-line p-meson vertex and the four-line p— meson-ghost 
particle one respectively. Obviously, the identity in Eqs. (6.13) and (6.14) remains formally unchanged if we replace 
all the vertices Aj in the identity with the ones Aj. Substituting Eqs. (5.24), (6.19), (4.26) and (4.27) into such an 
identity, one may write a renormalized identity similar to Eq. (5.25), that is 



a c d b \ ^ ~ / a d b c 
fci fc 3 fc 4 k 2 J R \ fci fc 4 k 2 k 3 



(6.20) 



where 



a 6 c d 
ki k 2 k 3 fc 4 

= ^{-ik^kfK^ va {k u k 2 , -(h + k 2 ))D° e p f{kl + k 2 )k$kl~kl; d Xr {-{k 3 + fc 4 ), k 3 , h)} 



+ ^XR{kl) XR {kl){^HklK^t{k 2 MMM (621) 
-fjf ^ ae Ak 2 , h, -(fcx + k^D^ih + k 2 )k*klAf c p d XT (-(k 3 + fc 4 ), fc 3 , fc 4 ) 



Z4 z. 



Z 3 Z? 



%[klA*% d T (k 2 ,-(k 2 + fc 4 ), fc 4 )A^(fc 2 + fc 4 )fc 3 A A fl /ac A (-(fc 1 + fc 3 ), fci, fc 3 ) 



+fc 3 A A^ c A (fc 2 , -(fc 2 + fc 3 ), k 3 )A e j{(k 2 + fc 3 )fcIA^(-(fc 1 + fc 4 ), fc 1; fc 4 )]}. 

Multiplying the both sides of Eqs. (6.20) and (6.21) by g R , according to the relations given in Eqs. (5.26) and in the 
following 



Afer^l ^2, *3, fc) = ^A^(fc 1; fc 2 , fc 3 , h), 

K bcd xr(ki,k 2 ,k 3 ,k 4 ) = g 2 R A R ab g(h,k 2 ,k 3 ,k 4 ), 



we have an identity which is of the same form as the identity in Eqs. (6.20) and (6.21) except that the vertices A^. in 

Eqs. (6.20) and (6.21) are all replaced by the vertices A^. Comparing this identity with that written in Eqs. (6.17) 
and (6.18), one may find 

Z 3 Z 4 _ * Z 3 Z 4 _ 1 Z 4 Z 3 _ 1 Z4Z 2 _ , , fi „, 

z l ' zsz.- 1, Zl zr - 1 ' z 3 z\- X (6 - 23) 

which lead to 

■^1 -^1 -^4 -^1 -^3 _ -^4 ffi 24"l 

z 3 ~ Z 3 ~ z i ' z x _ z 3 ~ z 4 

This just is the S-T identity analogous to that for QCD [9, 16, 17, 19]. 



VI. NUCLEON-p-MESON VERTEX AND NUCLEON PROPAGATOR 

This section is used to derive the W-T identity for nucleon-p-meson vertex and discuss its renormalization. First 
we derive a W-T identity satisfied by the nucleon-p-meson three-point Green function. This identity can easily be 
derived by differentiating the W-T identity in Eq. (3.8) or (3.10) with respect to the sources £ b (z), r](y) and rj(x) and 
then setting all the sources to be zero. The result written in the operator form is as follows 

d£G°(x, y, z) = iag[G ba (x, y, z)T b - T b G ba (x, y, z)] (7.1) 

where 

G>(x, y, z) = (0+ I $(x${y)A(z) | 0") (7.2) 
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is the nucleon-p-meson three-point Green function, 

G\ a {x, y, z) = (0+ | $(x)%)6 b (y)d\z) | 0") (7.3) 

and 

G\ a {x,y,z) = (0+ | $(x)%)6 b (x)d a (z) | 0-) (7.4) 



arc the nuclcon-ghost particle mixed Green functions. The Green functions in Eqs. (7.3) and (7.4) are connected 
because a nucleon field and a ghost field are of a common coordinate. 

The W-T identity for nucleon- p-meson vertex can be derived from Eq. (7.1) with the help of one-particle irreducible 
decompositions of the Green functions shown in Eqs. (7.2)-(7.4). The decompositions can easily be obtained by the 
standard procedure [9, 17]. The results are given in the following. 

G^(x, y,z) = J d 4 x'd 4 y'd i z'iS F (x - x')T bv {x', y', z')iS F (y' - y)iD*(z' - z) (7.5) 

where D^ l (z' — z) is the p-meson propagator defined in Eq. (4.6), 

iS F (x - x') = ^0+ | $(x)^(x') | 0"J> (7.6) 

is the nucleon propagator and 

<5 3 r 

is the nucleon-p-meson proper vertex. 

G\ a {x, y,z) = J d 4 x'd 4 z'S F (x - x')^ bc {x', V, z')A ca {z' - z) (7.8) 
where A ca (z' — z) is the ghost particle propagator defined in Eq. (4.7) and 

7l b V, y, z') = J d 4 ud 4 vA bd (y - u)T cd {x', v, u, z')S F (v - y) (7.9) 

in which 

T cd (x',v,u,z') 6 -^- | J=0 (7.10) 

5^{x')5^{v)5C (u)5C d (z>) 

is the nucleon-ghost particle vertex. Similarly, 

G b 2 a (x, y,z) = J d 4 y'd 4 z' 7 bc (x, y', z')S F (y' - y)A ca (z' - z) (7.11) 

where 

72 bc (x, y', z') = ( d A ud A vS F {x - u)A bd (x - v)T dc (u, y' , v, z'). (7.12) 



On substituting Eqs. (7.5), (7.8) and (7.11) into Eq. (7.1) and then transforming Eq. (7.1) into the momentum space, 
we have 



S F (p)r b »(p,q,k)S F (q)k»Df u (k) 
-iag[S F (pW(p, q, k) - 72 b (p, q, k)S F (q)]A ab (k)] 



(7.13) 

— — vuLy\y t yyj y, n, ) — j 2 \ F , q , n,)u F yq ;j u V n,;j 

where we have defined 



7i°fe^fc) = 7i afc b,9,fc)r b , r714 , 

^{p 1 q,k)=T b 1 ba (p,q 1 k). 



19 



Considering that the vertex functions T b "(p,q,k) and 7"(p, q, k) (i = 1,2) contain a common delta-function repre- 
senting the energy-momentum conservation, we may set 



T^(p, q, k) = (2tt) 4 <5 4 ( P -q + k)A a ^(p, q, k) 
li(P, Q, k) = (27r) 4 5 4 (p - q + fe)7?(p, q, k) 



(7.15) 



where A aM (p, q, k) and 7f(p, 9, k) are the new vertex functions in which k = q — p. Noticing the above relations and 
the expressions of p-meson and ghost particle propagators as given in Eqs. (4.11) and (4.22), the W-T identity in Eq. 
(7.13) can be rewritten via the functions A a>1 (p, q, k) and 7? (p, q, k) in the form 

k^(p,q,k) = ig X (k 2 )[Sp\p)^(p,q,k)-^(p,q,k)Sp 1 (q)} (7.16) 

where x(k 2 ) was defined in Eq. (5.13). 

Let us turn to discuss the renormalized form of the above W-T identity. It is well-known that the nucleon propagator 
can be expressed in the form 

S F (p) = ^— (7.17) 

p-M -S(p) + ie y ' 

where p = 7 ,t p jU and S(p) denotes the nucleon self-energy. The above expression can easily be derived from the Dyson 
equation [24] . Usually, the nucleon propagator is renormalized in such a fashion 

S F (p) = Z 2 S*( P ) (7.18) 

which implies 

V>(a;) = ^fz~2i> R {x), i>{x) - y/Zrt R (x). (7.19) 
From the relations in Eqs. (7.19) and (5.18), it is clearly seen that the vertex defined in Eq. (7.7) is renormalized as 

T a »(x,y,z) = Z^Z-h%(x,y,z) (7.20) 

which leads to 

A "(p, q, k) = Z-'Z^A^ip, q, k). (7.21) 

While, for the functions jf(p, q, k), according to the relations in Eqs. (5.18) and (7.19), they seem to be 
renormalization-invariant. But, these functions actually are divergent in the perturbative calculation. We assume 
that they are renormalized in such a manner 

7?(p,q,k) = Z^? R (p,q,k). (7.22) 

where Z 1 is the renormalization constant of the functions 7f (f>, <?, fc) . Based on the relations in Eqs. (5.22), (7.18), 
(7.21), and (7.22), Eq. (7.16) can be represented in terms of the renormalized quantities 

fc M A°"(p, q, k) = i5 flXfl(fc 2 )[^ 1 b)72fl(P, q, k) - 7iVp, q, k)S^-\q)\ (7.23) 
where gn is the renormalized coupling constant defined by 

g R = Z 3 Z$Z- 1 g (7.24) 

It is well-known that 

g R = Z 3 zlz^g (7.25) 

where Z\ is the ghost vertex renormalization constant as defined in Eq. (5.24). The relation in Eq. (7.25) ordinarily 
is determined from the renormalization of S-matrix elements. In comparison of Eq. (7.24) with Eq. (7.25), we see 

Z 7 = Z x (7.26) 
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which means that the functions jf(p,q,k) are renormalized in the same way as for the ghost vertex (the three-line 
p— meson-ghost particle vertex). This result arises from the fact that the functions 7°(p, q, k) contains a ghost vertex 
as easily seen from perturbative calculations. 

In the conventional discussion of the vertex renormalization, one considers such a vertex denoted by A afl (p,q,k) 
that it is defined from A a>1 (p,q,k) by taking out a coupling constant. Obviously, the W-T identity obeyed by the 
A aAt (p, q, k) can be written out from (7.16) by taking away the coupling constant on the RHS of Eq. (7.16), that is 

k tl A^( P ,q,k) = i X (k 2 )[Sp 1 (p)^(p,q,k)-^( P ,q,k)Sp 1 (q)]. (7.27) 

The renormalization of the vertex A afJ -(p, q, k) usually is defined by 

A^{p,q 1 k) = Z F 1 A^{p,q 1 k) (7.28) 

where Zf is the nucleon-p-meson vertex renormalization constant. When Eqs. (5.22), (7.18), (7.22) and (7.28) are 
inserted into Eq. (7.27) and then multiplying the both sides of Eq. (7.27) with a renormalized coupling constant, we 
arrive at 

fc„A*"(P.9> k) = iZpZiZ^Z-^RXRik^lSX-^ptf^q, k) - j? R (p,q, k)S^-\q)} (7.29) 

where 

A R »{p,q,k)=g R A a £{p,q,k). (7.30) 

In comparison of Eq. (7.29) with Eq. (7.23) and considering the equality in Eq. (7.26), we find, the following identity 
must hold 




(7.31) 



Combining the relations in Eqs. (5.28), (6.24) and (7.31), we have 




(7.32) 



This just is the well-known S-T identity which is formally identical to that given in QCD [9, 17, 19]. 



VII. PION-p-MESON THREE-LINE VERTEX AND PION PROPAGATOR 



In this section, we are devoted to deriving the W-T identity obeyed by the pion-p— meson three-line vertex and 
discuss its renormalization. Taking derivative of Eq. (3.10) with respect to the source £, c (z) and then setting fj = r\ = 
£ a = 0, we have 



V 6W 



a z SJ c ^(z) 



d 4 x[K b {x) 



S 2 W 



S X b (x)S^(z) 



+ J a "(x) 



5 2 W 



8u a ^(x)5^ c (z) 



] = 



(8.1) 



Furthermore, differentiating the above identity with respect to K b (y) and K a (x) and then turning off all the sources, 
one may obtain an identity satisfied by the 7r — p three-point Green function. Witten in the operator formulation, it 
is represented as 



d£G ab ;(x, y, z) - -age Me G adec (x, y, z) 

where 

G afc ;(x,y,z) = (0+ \T[n a (x)n b (y)Al(z)} 
is the it — p three-point Green function and 

G adec (x,y,z) = (0+ T[ir a (x)Tr d ( y )C e (y)d C (z)} 



(8.2) 
(8.3) 

(8.4) 
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is the pion-ghost particle three-point Green function with a pion operator and a ghost particle operator being put on 
the same position. Since the identity in Eq. (8.2) is derived from the W-T identity in Eq. (3.10), the Green functions 
in Eq. (8.2) are connected. In the following, we will start from the identity in Eq. (8.2) to derive the identity satisfied 
by the n — p three-line vertex without recourse to the ghost equation because the ghost equation will not simplify our 
discussion. For this purpose, we need the following one-particle irreducible decompositions: 

G ab ;(x.y.z) = J d 4 x'dyd 4 z' l Af(x-x')T a ' b ' c '^\x\y\zyA^\y'-y)tD c X(z'-z) (8.5) 

where 

iAf(x - x') = (o+ T[7r a (x)n a '(x')} 0"J) (8.6) 

is the pion propagator and 

f ^ c V, = ^ QV)fabV)Mc > (z0 l-o (8.7) 

denotes the tt — p three-line proper vertex. And 

G adec (x, y;z) = J d 4 x'd 4 z'Af (x - x')A cc ' (z - z')-f a ' c ' de (x' , z' , y) (8.8) 
where A cc (z — z') is the ghost particle propagator defined in Eq. (4.7) and 

7 aVde (x',z',yH / d 4 y'd 4 uA d /(y-y')A ae '(y-u)r a ' d ' e ' c '(x',y',u,z') (8.9) 
in which the propagators A dd> (y — y') and A ee ' (y — u) have a common coordinate y and 

_ , , , , A4p 

T adec (x',y',u,z') = l5jT a' {x/)S7:d ' {y/)S ce' iu) sc-'(z') (8 ' 10) 

is the pion-ghost particle four-line vertex. 

On substituting Eqs. (8.5) and (8.8) into Eq. (8.2) and then transforming the equation thus obtained into the 
momentum space, it is easy to get 

^f°^(fei,fe,fc 3 ) = -z. 9e Me A w (fc 2 )- 1 x (fc 3 )7 ac ' ie (fci,fe,fc3) (8.11) 
where x{k 3 ) was defined in Eq. (5.13), 

7 acde (fci,fc 2 ,fc 3 ) = J d 4 lA^(l)A(k 2 -l)t acde (k u l;k 2 ~l,k 3 ) (8.12) 

and 

Af(fc)-^ b A T (fc) (8.13) 

with 

is the pion propagator given in the momentum space . In the above, the pion self energy is defined by — if2" b (fc) = 
-iS ab n n (k). With the definitions: 

r abc (h, k 2 , k 3 ) = (2n) 4 5 4 (k 1 +k 2 + k 3 )A ab ;(k, k 2 ,k 3 ), 
1 acde (k u k 2 ,k 3 )^(27r) 4 S 4 (k 1 +k 2 + k 3 )r cde (k u k 2 ,k 3 ), [ °- °> 

the identity in Eq. (8.11) can be written in the form 

kfk ab *{k u k 2 ,k 3 ) = -ige^A^k^xik^r^ikuk^k,) (8.16) 
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Let us proceed to discuss the renormalization of the pion propagator and the tt — p three-line vertex. In accordance 
with the Lorentz-covariance, the self-energy can be written in the form 

n^(k) = k 2 Lo 1 {k 2 )+mlLo 2 {k 2 ). (8.17) 

The divergence in the function uji(k 2 ) (i = 1, 2) can be subtracted at the renormalization point fi, LOi(k 2 ) = u>i(p 2 ) + 
ujf(k 2 ) where uoi(pi 2 ) and ujf(k 2 ) are the divergent and finite parts of the function uoi(k 2 ) respectively. Defining the 
renormalization constant Z 3 of the pion propagator as 

Z^ 1 = 1 - ui{p 2 ) (8.18) 

the pion propagator will be renormalized as 

Ax(fc) = Z 3 A*(k) (8.19) 

where 

A " (fc) = k 2 -m« 2 -nm + ie (8 ' 20) 

in which = Z^-m v is the renormalized pion mass with 

Z m „ = {Z 3 [l+w 2 ( fi 2 )]}- 1 ' 2 (8.21) 

being the pion mass renormalization constant and fi^(fc) = Z 3 [k 2 uJi(k 2 ) +m 2 oj 2 (k 2 )] represents the finite correction 
to the propagator. 

From the definition in Eq. (8.6) and the relation in Eq. (8.19), we see 

n a (x)=Z 1 3 / \ R (x) (8.22) 

where tt r (x) stands for the renormalized pion field function. According to the definitions in Eq. (8.7) and (8.15) and 
the relations in Eqs. (5.18) and (8.22), it is clear to see that the vertex A ab ^(k\,k 2 , ks) is renormalized as 

A^fa.fc.Afc) = Z^Z-^Kf^MM- (8-23) 

Analogous to the analysis mentioned in Eqs. (7.22)-(7.26), it can be proved that the vertex j acde (ki, k 2 , k 3 ) is 
renormalized in such a fashion 

r cde (k u k 2 ,k 3 ) = Zi 1 r R cde (k 1 ,k 2 ,k 3 ). (8.24) 

This means that the vertex j acde (ki, k 2 , k 3 ), as the vertex 7? (k\, k 2 , k 3 ) defined in Eq. (7.15), is renormalized in the 
same way as the ghost vertex A a ^ c (/c 1 , k 2 , k 3 ) because the divergence occurring in the vertex 7 acde (fc l7 k 2 , k 3 ), as the 
vertex j a (ki,k 2 , k 3 ), comes from the p— meson-ghost particle vertex which is included in the vertex 7 acde (fc 1; k 2 ,k 3 ). 
This fact can also be seen from a perturbative analysis of the vertex. When Eqs. (8.19), (8.23), (8.24) and (5.22) are 
inserted into Eq. (8.16), one may obtain a renormalized version of the identity in Eq. (8.16) 

fc£A^(fc 2 , k 2 , k 3 ) = -iE bde g R ^{k 2 )-\ R {k 3 )T R cde {k u k 2 M- (8-25) 

According to the usual discussion of vertex renormalization, we introduce a vertex denoted by A ab f(ki,k 2 , k 3 ) which 
is defined from A a ^ c (fci, k 2 , k 3 ) by extracting a coupling constant. This vertex is renormalized as 

A £(Ai,fc2,fc3) = Z^A^ih,^,^) (8.26) 

where Z\ is the renormalization constant of the it — p vertex. Clearly, the W-T identity for the vertex A ab f(ki,k 2 , k 3 ) 
can be written from Eq. (8.16) by taking out a coupling constant on the right hand side of Eq. (8.16), 

k%A ab ;(k u k 2 ,k 3 ) = -ze Me A 7r (fc 2 )- 1 x (fc 3 )7 actie ^i,A :2 ,fc3) (8.27) 

Upon substituting Eqs. (8.19), (8.24), (8.26) and (5.22) into Eq. (8.27) and then multiplying Eq. (8.27) by a 
renormalized coupling constant, noticing A R bc ^(ki, k 2 ,k 3 ) — g R A a R bc ^{ki, k 2 ,k 3 ), we have 



23 



k^ c Jk 2 ,k 2 ,k 3 ) 



Z 3 Z 



-i— 



1 e^A^fc^-^^^jr^bfe,^). 



ZiZ f 



In comparison of Eq. (8.28) with Eq. (8.25), we see, it must be 

Z3Z1 



which leads to the S-T identity such that 



Z1Z3 



= 1 



z 1 = z 1 

Z 3 z 3 



(8.28) 



(8.29) 



(8.30) 



VIII. PION-p MESON FOUR-LINE VERTEX 

In this section, we plan to derive the W-T identity satisfied by the ir — p four-line proper vertex. For this purpose, 
we first derive the W-T identity obeyed by the tt — p four-point Green function by starting the identity shown in Eq. 
(8.1). Changing the variable and indices z,c and p to u, d and v in Eq. (8.1), then differentiating Eq. (8.1) with 
respect to the sources K a (x),K b (y) and J cfJ -(z) and finally setting all the sources to be zero, we obtain an identity 
which, written in the operator form, is 



1^(0+ 



0+ 

(0+ 



T[n a (x)n b (y)A^(z)Ai(u)} 



0" 



T*[n a (x)An b (y)A^(z)C («)] 
T*[7r a (x)n b (y)AA^(z)d d (u) 



(9.1) 



0" 



This identity may be simplified with the help of a ghost equation which can be derived from the ghost equation in Eq. 
(3.18). Changing the variable x and the index a in Eq. (3.18) to z and c, then differentiating Eq. (3.18) successively 
with respect to the sources £ d (u), K b {y) and K a (x) and finally setting all the sources to vanish, one can obtain the 
ghost equation. Written in the operator form, it reads 



T*[jt a (x)Tr b (y)AA^(z)C («)] 



0" 



0^ 



T{jr a (x)n b ( y )C c (z)C («)] 



0" 



(9.2) 



Differentiating Eq. (9.1) with respect to z, applying Eq. (9.2) and noticing the definition of An b (y) in Eq. (3.3), we 
arrive at 



d^G^ixu x 2 , x 3 ,x 4 ) = -age bi idZ 3 G a % dc (x u x 2 , x 3l x 4 ) + a 2 G abcd (x u x 2 , x 3 ,x 4 ). 
where we have changed the position variables for later convenience and the Green functions are defined by 



G ab ™( Xl ,x 2 ,x 3l x A 



-/o+ 



T[Tr a (x 1 )7r b (x 2 )A c tl (x 3 )At(x 4 )\ 



(9.3) 
(9.4) 



G al jf c ( Xl ,x 2 ,x 3 ,x 4 ) = 



T[7T a (x 1 )r(x 2 )Al(x 3 )CHx 2 )C (x 4 ) 



0" 



(9.5) 



and G abcd (xi, x 2 , x 3 , X4) was defined in Eq. (8.4). These Green functions are all connected. 

The W-T identity for tt — p four-line vertex can be derived from Eq. (9.3) with the aid of one-particle irreducible 
decompositions of the Green functions which can easily be found by the standard procedure and are shown below. 
For the Green function G ab f d {x\, x 2 , x 3 , X4), we have the one-particle irreducible decompositions as follows 

G ab ? d (xi,x 2 ,x 3 ,x 4 ) 

= J TT d 4 yi A v ( Xl - yi )A w (x 2 - y 2 )D w (x 3 - y 3 )D va {x 4 - y 4 )t - b ^p°( Vl , y 2 , y 3 , Vi ) 



i=l 
3 



+i J fl d i y l d i z l {A 7r (x 1 - z 1 )A 7r (x 2 - y 2 )D l _ ip {x 3 - y 3 )D va (x 4 - z 3 )r aed < CT (zi, z 2 , z 3 ) 

xA 7I (z 2 - yi)T ebc ^(yi, y2 ,y 3 ) + A n (xt - y\)A v {x 2 - zi)D pp {x 3 - y 3 )D ua {x A - z 3 ) 
x f aec >P(y u y 2 , y 3 )A„{y 2 - z 2 )t bed >°(z u z 2l z 3 ) + A„( Xl - yi )A«{x 2 - y 2 )D w {x 3 - z x ) 
xD urJ (x 4 - z 3 )T abe ' X ( yi ,y 2 ,y 3 )Dx T (y 3 - z 2 )T p c T J( Zl ,z 2 ,z 3 )} 



(9.10) 
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where 



<5 4 r 

rlSW.!*. w) = ' fa'faOfa^ya)^^)^^) Ij=0 (9 - 11} 

is the 7r — p four-line proper vertex, while the 7r — p three-line vertex and the p— meson three-line vertex were already 
defined in Eqs. (8.7) and (5.9) respectively. For the Green function G al jf°(xi,x 2 ,x 3 ,x 4 ), its irreducible decomposition 
is 

.3 5 

G a % dc (x u x 2 ,x 3 ;x 2 ,x 4 ) = -i / Hd 4 y i A n (x 1 -y 1 )A(x i -y 2 )D^(x 3 -y 3 )^la iidc ' v (x2,yi,y2,y3) (9.12) 



i—1 a— 1 



where 



7r dc '>2, 2/i,2/2,2/ 3 ) = | d 4 zid 4 z 2 A 7r ^2-^i)A( a;2 -z 2 )f a ^ c ^(y 1 , 2 ; 2 , 2/ 3 ;zi,z 2 ), (9.13) 

r 4 

72^(^2,2/1,1/2,1/3) = i I] ^ A ^2 - ^)A(z 2 - z 3 )A^ Zl - z 4 )f oec -"(y 1) 2/3, z 4 )r "^(zi, z 2 , *s, 2/ 2 ), (9.14) 

fe=i 

7 3 a ' jdC,I >2,2/i,2/2,2/3) = i / 1] ^^(x, - z 1 )A(x 2 - z 4 )A T (z 2 - z 3 )T iec ' v (z u z 2 , y 3 )f a ^ d ( yi , y 2 - z 3 , z 4 ), (9.15) 

fe=i 

f 4 

7r dC,,y ^2,2/i,2/2,2/3) = * / J] rf4 ^ A -(*2 - Z 3)A(^ 2 - Zl )A(z 2 - Z4)r jec ^(zi,Z4,2/3)f med (2/i,2/ 2 ,z 2 ,z 3 ) (9.16) 



fe=i 

and 

4 



75^^(^2,2/1,2/2,2/3) = * / f[d 4 z k A n (x 2 - 1 )A(ar 2 - z 2 )A(z 3 - z 4 )T dec >»(y 2 , y 3l z 4 )f ai ^( yi , z u z 2 , z 3 ) (9.17) 

•* k=i 

In the above, 

5 5 T 

T aijdc ' v (yi,y 2 ,y 3 ;z 1 ,z 2 ) = —- - | J=0 (9.18) 

idn a {yi)dTr l (y 2 )oC (y 3 )dC cl {zi)dA^(z 2 ) 

which contains a p— meson-ghost particle vertex in it, and the three-line it — p vertex, the three-line p— meson-ghost 
particle vertex and the four-line pion-ghost particle vertex were respectively defined Eqs. (8.7), (5.10) and (8.10). 
The typical feature of the functions r )^' jdc,v (x 2 , 2/1, y 2 , 2/3) is that there are a pion propagator and a ghost particle 
propagator in the functions which have a common coordinate x 2 . As for the Green function G abcd (x\ 1 x 2 , x 3 , x 4 ), its 
one-particle irreducible decomposition can be found to be 

G abcd (x 4 ,x 2 ,x 3 ,x 4 ) = f Hd^A^Xi - yi )A4x 4 - y 2 )A(x 3 - y 3 )A(x 4 - y 4 )f abcd (y u y 2} y 3 ,y 4 ) (9.19) 

J i=l 

where the vertex f abcd {y\, y 2 , y 3 , y 4 ) was defined in Eq. (8.10). Upon substituting Eqs. (9.10), (9.12) and (9.19) into 
Eq. (9.3) and then transforming the equation thus obtained into the momentum space, it is not difficult to get the 
following W-T identity satisfied by the 7r — p four-line vertex, 

K^T a % d (k u k 2 ,k 3 ,k 4 ) 

= -J (CM fc 3f 1f(<?> k 2l k 3 )^{q)k\T a l d {ki, -q, M 
+k$T a <£(k 1 , -q, k 3 )A^{q)klt b l d (k 2 ,q, k 4 ) 
+f a f(k 1 ,k 2l -q)D x -(q)k^T c ; T i(k 3 ,q, k 4 )} (9.20) 

-ge*i A-\k 2 ) x {k 4 ) £ k^ dc (k u k 2 , k 3l k 4 ) 

-^x(k 3 )x(k4)T abcd (k 1 ,k 2 ,k 3 ,k 4 ). 
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When wc define 



(9.21) 



T a % d (k u k 2 , k 3 , k 4 ) = (2^) 4 <5 4 (£ kJA^ih, k 2 ,k 3 ,k 4 ), 

i=l 

r ab ;(k u k 2 ,k 3 ) = (2^ 4 <5 4 (E ki)A ab ;(k u k 2 ,k 3 ), 
i™ j t( k uk 2 ,k 3 ,k 4 ) = (27r) 4 (5 4 (X: kiYr dc (k u k 2 ,k 3 ,k 4 ), 

i=l 

r^fci.fe.Aa,^) - (2^) 4 5 4 (x: ki)A abcd {k x MMM), 

i=l 

the identity in Eq. (9.20) can be written as 

= -^A^fe^A^fcx + fc 4 )fcfA a f(fc 1 ,fc 4 ) 

-kfk a l c {k u fc 3 )A.(fci + k 3 )k» 4 A b l d (k 2 , M 
-A^fci, k 2 , )D XT (k 1 + k 2 )k^k v 4 A^ d v {k 3 , k 4 ) (9.22) 

- ff£ ^A- 1 (fc 2 ) x (fc 4 ) £ W(*i,tj^,fc4) 

-^x(fc 3 )x(fc4) < A afccd (fc 1 , fc 2 , fc 3 , fc 4 ). 

We are now in a position to discuss the renormalized version of the above identity. According to the definitions in 
Eqs. (9.11) and (8.10) and the relations in Eqs. (5.18) and (8.22), it is easy to see 

A a % d (h,k 2 , k 3 , k 4 ) = zYzYK%t(kuk 2 , k 3 , k 4 ) 

A abcd (h, k 2 ,k 3 , k 4 ) = Z^Z^A^ih, k 2l k 3l k 4 ) (9.23) 
7^ dc (fci, k 2 , k 3 , k 4 ) = Z- 1/2 zYj a a f*(kuk 2 , k 3 , k 4 ) 

— 1/2 

In the last equality, the factor Z 3 is given by applying the relations in Eq. (5.18) and (8.22) to all the propagators 
and vertices contained in the functions 7"- Jtic,!y (x2, yi, y 2 , y 3 ) shown in Eqs. (9.13)-(9.17), while, the factor Z^ 1 
arises from the consideration that the functions 7„ u<<c (fci, k 2 , k 3 , k 4 ), as the function j acde (ki, k 2 , k 3 , k 4 ), includes the 
contribution given by the ghost vertex which is contained in functions 7^ jdc (fci, k 2 , k 3 , k 4 ) (more explanations will be 
given soon later). Substituting Eqs. (9.23), (5.19), (5.22), (8.19), (8.23) and (4.27) into Eq. (9.22), we obtain the 
renormalized version of the identity 

^^ 4 A^ d v (k u k 2 ,k 3 ,k 4 ) 
= -*£Affr(fc2, MA^A* + k 4 )k» 4 A% d v (k u k 4 ) 
-k^T^ku k 3 )A^h + k 3 )klA b i d v {k 2 , k 4 ) 
-Afi(k u k 2 , )D^(k 1 + k 2 )k^A^f TV (k 3 , k 4 ) (9.24) 

-g R e^A^-\k 2 )xnik 4 ) £ k^ a a f^kiMMM) 

-^Xfl(^ 3 )Xi?(fc4)A? f bc ' i (fc 1 , k 2 , k 3 , k 4 ). 

where ga, an and a_R were defined in Eqs. (7.25) and (4.30). 

As usual, we redefine the vertices in Eq. (9.22) by extracting a coupling constant or its squared one as shown in 
the following 

A a ^(fc!, k 2 , k 3 , k 4 ) = g 2 A^ d (k u k 2 , h, k 4 ), 
A ab ;(k u k 2 ,k 3 ) = gA ab ;(k u k 2 ,k 3 ), 

Af v \{k u k 2 ,k 3 ) = g~Af u \{k u k 2 ,k 3 ), (9.25) 
A abcd {h, k 2l k 3l k 4 ) = g 2 A abcd (k u k 2 , k 3 , k 4 ), 
l a a l3 * c {k u k 2 ,k 3 ,k 4 ) = g^ c (k u k 2 , k 3 , fc 4 ), 

With these definitions, the W-T identity in Eq. (9.22) will be replaced by 
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WA°j5f(fei,As2,fc3,A4) 

-kfk a l c {k u fc 3 )A.(fci + k 3 )kfA b f{k 2 ,k 4 ) 

-A ab x e (k u k 2 ,)D x -(h + k 2 )k%kZA c ; r i(k 3 , k 4 ) (9.26) 

- £ ^A- 1 (fc 2 ) X (fc 4 ) £ k^ dc (k u k 2 ,k 3} k 4 ) 

-^ X (k3)x(h)A abcd (k u k 2 ,k 3 ,k 4 ). 

The vertices in Eq. (9 26) are renormalized in the manner as shown In Eqs. (5.24), (8.24), (8.26) and in the following 

A a % d (k u k 2 , k 3 , k 4 ) = Z^A$f v (k u k 2 , k 3 , k 4 ) (9.27) 

A abcd (h,k 2 ,k 3 , k 4 ) = Z^ l A abcd {k u k 2 , k 3 , k 4 ) (9.28) 



7 ff (fci, k 2 ,k 3 ,k 4 ) = Z-^tiki, k 2 ,k 3 , k 4 ), (9.29) 



7a ^(fc, k 2 , k 3 , k 4 ) = ZsZ^Z^^ku k 2 ,k 3 , k 4 ), if a = 2, 3 (9.30) 

and 

^ dc (k u k 2 , k 3 , k 4 ) = Z 3 Z- 2 r a % d ^(h, k 2 , k 3 , k 4 ), if a = 4, 5. (9.31) 

It should be noted that the renormalization constant Z-f 1 in Eqs. (9.30) and (9.31) arises from the relation in 
Eq. (8.24) because the functions ^^ dc (k 1 ,k 2 ,k 3 ,k 4 ) with a = 2,3,4 and 5 contain a function j abcd (ki, k 2 , k 3 ). For 
example, by the Fourier transformation, one can obtain from Eq. (9.14) that 

^ dc {k 1 ,k 2 MM)=i J ^A v (q)A ae ;(k 1 ,k 3 ,q)r ijd (k2,k i ,q) (9.32) 

where ^ e% i d {k 2l k 4 , q) has an expression similar to that as shown in Eq. (8.12). It is easy to see that use of Eqs. (8.19), 
(8.24) and (8.26) in Eq. (9.32) directly gives rise to Eq. (9.30). Similarly, from Eq. (9.17), one can get 

j™ jdc (k u k 2 ,k 3 ,k 4 ) = i J ^A(q)A a ™(k 4 ,k 3 ,q)r ijd (kuk 2 ,q) (9.33) 

Apparently, substitution of Eqs. (4.26), (5.24) and (8.24) in Eq. (9.33) leads to the relation in Eq. (9.31). The 
function J 3 l ^° (k\ , k 2} k 3 , k 4 ) is a kind of exchange term of ^^ dc {k\,k 2 , fc 3 , k 4 ) and therefore the renormalization of 
l 3 ^ dc {ki, k 2 , k 3 , k 4 ) should be as the same as J 2 ^ dc (ki, k 2 , k 3 , k 4 ). The discussion for the function ^^(ki, k 2 ,k 3 , k 4 ) 
is the same because the ^^(ki, k 2 , k 3 ,k 4 ) is also a kind of exchange term of ^^(ki, k 2 , k 3 , k 4 ). 

When the relations in Eqs. (4.27), (5.22), (5.24), (8.19), (8.26) and (9.27)-(9.31) are inserted into Eq. (9.26) and 
then multiplying Eq. (9.26) by g R , we arrive at 

k^A R bcd v (k u k 2 ,k 3 ,k 4 ) 
= -^[*£AJ* (fe, fc 3 )A«(fci + k 4 )klA^ d v {k u k 4 ) 

+klA^(k u k 3 )AK(k 1 + fc 3 )**ASf£(fc2, M] 
- tf A Rx(ki, fc 2, )D x r [(k 1 + k 2 )k^A^f TV (k 3 ,k 4 ) 

-g R e b vAX-\k 2 )xR(k 4 )k%{l^r^ C (ki,k 2 , k 3 , k 4 ) (9-34) 
+tff m i dt(ki,k 2l k 3 , k 4 ) + (fc, to, k 3 , k 4 )] 
f^[^fl?( fc i, to, k 3 ,k 4 )+ %^(k!,k 2 , k 3 , k 4 )}} 
~ It S^( fc 3)Xfl(fc 4 )A?f cd (fc 1 , k 2 , k 3 , k 4 ) 

where we have considered the relations in Eq. (9.25) which also hold for the renormalized vertices. In comparison of 
Eq. (9.34) with Eq. (9.24), we have 
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ZaZ% ZaZ^ ZaZ?, ZaZ\ 

i, -V = -hr = !. ^ = 1 ( 9 - 35 ) 



' ZiZi ' ZiZx ' Z 3 Z* 

and 



■^3-^5 -^3-^5 

From the four identities in Eq. (9.35), it is found that 

Z4 Zi Z\ Z\ 



= 1, -£-J- = 1. (9.36) 



■Zl -^3 ^3 Z? ' ^ ^ 

while, from the two identities in Eq. (9.36), one gets 

= |L. (9.38) 

^3 ^5 

Combining the identities given in Eqs. (5.28), (6.24), (7.32), (8.30), (9.37) and (9.38), we finally obtain the S-T 
identities as follows 

— = ^l = ^L = £l = ^i = £i (9 39) 

Z2 Z3 z?, Z?, Z\ Z\ 

and 

Zi Z? Z^ Z\ z?, z§ 



IX. EFFECTIVE COUPLING CONSTANT 



In this section, we plan to perform the one-loop renormalization of the SU(2)-symmetric hadrodynamics by using 
the renormalization group approach. As argued in our previous paper [14, 25, 26], when the renormalization is 
carried out in the mass-dependent momentum space subtraction scheme, the solutions to the RGEs satisfied by 
renormalized propagators and vertices can be uniquely determined by the boundary conditions of the renormalized 
propagators and vertices. In this case, an exact S-matrix element can be written in the form as given in the tree- 
diagram approximation provided that the coupling constant and particle masses in the matrix element are replaced 
by their effective (running) ones which are given by solving their renormalization group equations. Therefore, the 
task of renormalization is reduced to find the solutions of the RGEs for the renormalized coupling constant and 
particle masses. Suppose Fr is a renormalized quantity. In the multiplicative renormalization, it is related to the 
unrenormalized one F in such a way 

F = Z F F R (10.1) 

where Z F is the renormalization constant of F. The Z F and Fr are all functions of the renormalization point /1 = /ioe* 
where /xo is a fixed renormalization point corresponding the zero value of the group parameter t. Differentiating Eq. 
(10.1) with respect to [i and noticing that the F is independent of /1, we immediately obtain a renormalization group 
equation (RGE) satisfied by the function Fr [21-23] 

! u^+j F F R = (10.2) 

where j F is the anomalous dimension defined by 

7f = u-^-\nZ F . (10.3) 

Since the renormalization constant is dimensionless, the anomalous dimension can only depend on the ratio [5 = ^jf* 
where tur denotes a renormalized mass and "f F = 1 F {9r,P) m which gR is the renormalized coupling constant and 



28 



depends on p. Since the renormalization point is a momentum taken to subtract the divergence, we may set p, = (1q\ 
where A = e which will be taken to be the same as in the scaling transformation of momentum p = pq\. In the 
above, po and po arc the fixed renormalization point and momentum respectively. When we set F to be the coupling 
constant g and noticing p-j^ = A^, one can write from Eq. (10.2) the RGE for the renormalized coupling constant 

A^U 7s (A). 9 k(A) = (10.4) 



with 



7 9 = M^ln^. (10.5) 
According to the definition in Eq. (10.1) and the relation in Eq. (7.25), we may take, 

Z g = (10.6) 

Z 3 Zi 

to calculate the anomalous dimension. As denoted in Eqs. (4.25) and (5.24), the renormalization constants Z$, Z$ and 
Z\ are determined by the p— meson self-energy, the ghost particle self-energy and the ghost particle -p— meson vertex 
correction, respectively. At one-loop level, the p— meson self-energy is depicted in Figs, (la)-(lf), the ghost particle 
self-energy is shown in Fig. (2) and the ghost vertex correction is represented in Figs. (3a) and (3b). According to 
the Feynman rules listed in Appendix and noticing that the symmetry factors of the diagrams in Figs, (la), (lc), 
(le) and (If) are 1/2 and the symmetry factors of the other diagrams are 1, the expressions of the self-energies and 
the vertex correction are easily written out. For the gluon one-loop self-energy denoted by — iW^ b u (k), one can write 

n^(fc)-E n ^ a "( fc ) ( 10 - 7 ) 
»=i 

where n^ oh (fc) — n^ ab (fc) represent the self-energies given in turn by Figs.(la)-(lf). They are separately represented 
in the following: 

Tl$ ab (k) = i5 ab g 2 j j^pr [l i^ m i + l m l k y2_ m i +ie] [9^x(l + 2fc) p - g\ p {2l + fc) M ^ Q ^ 

+g Pft (l-k) x }[g„p>(l-k)x>-g\> P >(2l + k) u +gx„(l + 2k) p ,}, 

n (2)ab (k) _ _ i§ ab 2 2 f _^ {l+J^jU , , 

IV W *9 J (27r)4 [(l + k) 2_ m 2 +te][l 2_ m 2 + te y i iu -^ 

IL^(k) = J (2 t)4 {P _C + ie) (^9x P 9» P 9x„), (10.10) 



2U J (2tt) 4 [(l~k) 2 -M 2 +ie][l 2 -M 2 +ie] (\Q H) 

xTr[ 7M (l-k + M) 7l/ (l + M)] ) 

where 1 =j x l\, k ~"f X k\ with 7 A are the 8x8 block-diagonal 7-matrices. In the above, £ acd £ bcd = 25 ab and 
Tr(T a T b ) = i<5 ab have been considered. It should be noted that in writing Eqs. (10.8)-(10.10), we choose to work in 



and 
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the Feynman gauge for simplicity. This choice is based on the fact that the SU(2)-symmetric model of hadrodynamics, 
as a non-Abelian gauge field theory, has been proved to be an unitary theory [27], that is to say, the S-matrix elements 
evaluated from the model are independent of gauge parameter. Therefore, we are allowed to choose a convenient gauge 
in the calculation. From Eqs. (10.8)-(10.13), it is clearly seen that 

6 

n£(*0 = <5 ab iv(fc) = s ab J2^l(k). (10.14) 

1=1 

By the dimensional regularization approach [28-32], the divergent integrals over / in Eqs. (10.8)-(10.13) can be 
regularized in a n-dimensional space and thus are easily calculated. The results are 

n$(fc) = Jo* dx e[k*x(x\)+ m -j,]e {g^A llx ( x - 1) / 10 15 s 

+5)fc 2 + 9m 2 p ] + 2[5x(x - 1) - l]fc M fc„}, 



n^(fc) - j^yj Jq dx s[kix{x \ )+m i ]E {[k 2 x(x - 1) 
+m 2 p ]g llv + 2x(x - l)k^k v }, 



(10.16) 



2 2 

n $ (fc) = J&fT 9 ^ (10 ' 17) 

W - (4tt) 2 X dX £ [fc2 x(x _ 1) + A f2]e ^ fc 2 J' ( 1U - 18 ) 

n^J(fc) = J dx £ [ k 2 x ( x \) +m 2]e {2[k 2 x(x - 1) + m 2 ]g^ v ^ 

+ (l-2x) 2 fc M fc,} 

n(f)(fc) = ^^ (10.20) 

where e = 2 — ^ — > when n — > 4. In Eqs. (10.15)-(10.20), except for the £ in the factor l/ff[fc 2 a;(x — 1) + m 2 ] £ where 
to = A'/, TO p or to w , we have set e — > in the other factors and terms by the consideration that this operation does 
not affect the calculated result of the anomalous dimension. According to the decomposition shown in Eqs. (4.15) 
and (4.16) and noticing — Vj," + V^" , it is easy to get the transverse part of H /Jil/ (k) from Eqs. (10.15)-(10.20) 
and furthermore, based on the decomposition denoted in Eq. (4.20), the functions IIi(fc 2 ) and Il2(fc 2 ) can be written 
out. The results are 



and 



n (h 2 \ - g 2 f 1 -J„f 5[2x(x-l)+l] 8x(x-l) 
"H" J - (4^F JO lu t# J i(i-l)+mJ] i ~T e[k*x(x-l)+M' 2 ]' 



ZX(X-L) -j 

and 

TWPl-- f 2 f f 1 At . .. 8 .. i ... 2m ' /m2 f 

l)+m^j e e[k 2 x(x— l)+m£J e 



2m t _ 9\ 



(10.21) 



(10.22) 



cm- 



It is clear that the both functions IIi(fc 2 ) and n 2 (fc 2 ) are divergent in the four-dimensional space-time. When the 
divergences are subtracted in the mass-dependent momentum space subtraction scheme [30-33], in accordance with 
the definition in Eq. (4.25), we immediately obtain from the expression in Eq. (10.21) the one-loop renormalization 
constant Z 3 as follows 

z 3 = i-n 1 (» 2 ) 

— 1 4- g 2 r 1 j r 5[2z(z-i)+i] . _ Sx(x-i) 

~ 1 + (i^F JO "le^ili-lj+m^ + e[/j.' 2 x(x-l)+M*]e (10.23) 
. 2x(x-l) i 
T e[(i 2 i(i-l)+m^ J 
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Next, wc turn to the ghost particle one-loop self-energy denoted by —in ab (q). From Fig. (2), in the Feynman 
gauge, one can write 

fl ab (q) = i6 ab 2g 2 ( -P--- q 2 iq 7^, 2 2 —, (10.24) 

y ' y J (2tt) 4 [(q - I) 2 -m 2 p + ie] [I 2 -m 2 p + ie] y ' 

By the dimensional regularization, it is easy to get 

n ab (q) = S ab q 2 Cl(q 2 ) (10.25) 

where 

&(q 2 ) = / dx r 9 2(X ~ ^ 5=- (10.26) 

W ' (4tt) 2 J e[q 2 x{x-l) + m 2 p Y 1 ' 

According to the definition given in Eq. (4.25) and the above expression , the one-loop renormalization constant of 
ghost particle propagator is of the form 



Z 3 = l- tt( M 2 ) = 1 - 7/^2 f dx f 2 TTT 21e ( 10 - 27 ) 



Now, let us discuss the ghost vertex renormalization. In the one-loop approximation, the vertex defined by 
extracting out a coupling constant is expressed as 

Af c (p, q) = e abc p x + h? x c {p, q) + Af x c (p, q) (10.28) 

where the first term is the bare vertex, the second and the third terms stand for the one-loop vertex corrections shown 
in Figs. (3a) and (3b) respectively. In the Feynman gauge, the vertex corrections are expressed as 

A abc (v a) = -ie abc a 2 f — P ■ (g - l)( P - l)x , , 

U {P ' Q) 9 J (2tt)4 [p - m 2 + i e}[(p-l) 2 -m 2 p + ie] [(q - I) 2 -m 2 p + ie] 1 ' 

and 

- I m - ( r q ~ l)px iv p • t 4 fp 1 ; r (2g " r + % = 1 ^ 

J (2tt) 4 - m 2 p + ie] [{p - l) 2 - m 2 + ie] [(q — I) 2 — in 2 + ie] 

where £ acd £ eb f £ d f c = _ £ abc j^g been no ted. By employing the dimensional regularization to compute the above 
integrals, it is not difficult to get 

Af x %p,q)=e abc j£^ fdx [\y { k^--^{p xAl {p 1 q) + q x B l (p,q)]- l -p x } (10.31) 
(47r) z Jo Jo e<3% <3 xy 8 



where 



and 



where 



®xy = P xy(xy - 1) + q 2 [(x - l) 2 y + (x - l)]y - 2p ■ qx(x - l)y 2 + m 2 , 

A 1 ( P ,q)={p-q[l + (x-l)y}-p 2 xy}(l-xy)y, (10.32) 
Bi{p, q) = {p- 9[1 + (x - l)y] - p 2 xy}ix - l)y 2 



A a 2 b x c ip,q)=e abc j£^ fdx [ 1 dy{^ + J-\p x A 2 ip,q) + q x B 2 ip,q)}-lp x } (10.33) 
i^) Jo Jo £<s % v ®xy 8 



Mip, q) = {p 2 i2xy - x 2 y 2 - 1) - g 2 [(x - l)y - \\[x - l)y 

+p ■ q[2 - (3x - 2)y + 2xix - l)y 2 ]}y, (10.34) 

b 2 {p, q) = [p- qi x - 1) - p 2 Av 2 - 
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The divergences in the both vertices AJ* c (p, q) and K'^(p 1 q) may be subtracted at the renormalization point p 2 = 
q 2 = ji 2 which implies k = p — q = 0, being consistent with the momentum conservation held at the vertices. Upon 
substituting Eqs. (10.31) and (10.33) in Eq. (10.28), at the renormalization point, one can get 

Af c {p, q) 1^=^= e abc Px {\ + It) = Z^e abc Px (10.35) 

where 

7-1 7-1 g2 (\ J 2x 2x 2 {x-l) l i 2 1 

^i- 1 -^- 1 - (4^52 y o <m e[ ^ x[x + m 2 Y ^ x[x 1} + m 2 2 1 (10 - 36) 

which is the one-loop renormalization constant of the ghost vertex. 

Now we are ready to calculate the anomalous dimension 7 g (A). Substituting the expressions in Eqs. (10.6), (10.23), 
(10.27) and (10.36) into Eq. (10.5), it is easy to find an analytical expression of the anomalous dimension 7 g (A). 
When we set Zjf- = f , ^ = § and f = f with defining p = ^, a = and (3 = f (here we have set ^ = A), 
the expression of 7 S (A), in the approximation of order g 2 , is given by 

7s (A) =7 i(A)- 73(A) —73(A) (10.37) 



where 



«A) - Jim^ln^ ^ £p + ^ - jp^jAA.rtl, (10.38) 



and 



73(A) = lim/i^lnZa = [1 + ^I(A.p)] (10.39) 



73(A) = lim M Ai nZ 3 

"^{f " ¥ + ^P 2 ( A2 - V)/(A, p) - |[1 + S£ (10.40) 
+i||l7(A,a)]-|[l + ¥ + ^(A,/3)]} 



here a« = g\/^ir and 



/(A, a) = * 2 In 

v ' ' \/A 2 -4a 2 A- VA 2 -4o 2 



- , 1 , cot" 1 . | = , if \<2a (10.41) 

_ / V4a 2 -A 2 V4a 2 -A 2 ' J — v > 

x 2 cotiT 1 j=±= , , if A > 2a 

VA 2 -4a 2 VA 2 -4a 2 ' J — 



with a = p, cr or /?. With the expressions given in Eqs. (10.38)-(10.40), the 7 ff (A) can be represented as 

7 S (A) = ff{¥-* + ia^t + (8 - ¥ - t^) 2j t^ p) fl0 421 

-|[l + ^ + ^/(A,a)]-|[l + ^ + iMl7(A,/3]} 

We would like to note that the fixed renormalization point A in p, a and (3 can be taken arbitrarily. For example, 
the A may be chosen to be the mass of nucleon . In this case, (3 = 1, p = m p /M and cr = m n /M. Apparently, (3=1 
implies A = yjp 2 /M 2 . In practice, the A will be treated as a scaling parameter of renormalization. 

With the 7 S (A) given above, the equation in Eq. (10.4) can be solved to give the effective coupling constant as 
follows 

«*(A) = IT ^ m (10.43) 



where an = an(l) and 



G(A) = J* f = §MA,p) - ^(l,p)] , 44) 

-l[ ¥ , 2 (A,cr)-^2(l,<7)]-|^ 2 (A,/3)-^2(l,/3)] 
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in which 



and 



„ ^ V „19 5p 2 (A 2 -V) 3A lT „ , 

= ^ + I(y - -^) 2A + —]I(\ P ): (10.45) 

¥»(A,«r) = + (1 + ^) (A2 ^ 4(72) J(A,a) (10.46) 

= -%r + (i + y) (A2 2A 4/?2) ^/3)- (10-47) 

here <pi(A, p) arises from the p— meson self- interaction, ^ 2 (A,ct) and <p2(A, /3) come from the interaction between pion 
and p— meson and the one between nucleon and p-meson, respectively. 
In the large momentum limit (A — ► oo), we have 

G(A) = ^-lnA. (10.48) 

o 

Therefore, in the limit mentioned above, we have a#(A) — > 0. This exhibits that the interaction given by the SU(2)- 
symmetric model is also of the asymptotically free behavior. It should be noted that the expressions in Eqs. (10.42) 
and (10.45)-(10.47) are obtained at the timelike subtraction point where the A is a real variable. We may also take 
spacelike momentum subtraction. For this kind of subtraction, corresponding to p — > ip, the variable A in Eqs. 
(10.42), (10.45)- (10.47) should be replaced by iX where A is still a real variable. In this case, the function in Eq. 
(10.41) will be replaced by 



7 ( A > fl ) VA 2 +4a 2 111 VA 2 +4a 2 -A 

=tanh _1 A 



(10.39) 



VA 2 +4a 2 VA 2 +4a 2 



It is easy to see that the function in Eq. (10.48) is the same for the both subtractions. 

The behavior of the function an(X) is graphically described in Fig. (4). In our test, we find that the behavior 
of the an(X) sensitively depends on the choice of the constant and the scaling parameter A. In this paper, we 
only take an = 0.5 and A = M as an illustration. Figs. (4a) and (4b) represent respectively the effective coupling 
constants obtained at the timclike subtraction point and the spacelike subtraction point. To exhibit the effects of the 
p-meson self-interaction, the pion-p-meson interaction and the nucleon-p-meson interaction on the effective coupling 
constant, in each figure, besides the total effective coupling constant, we also separately show the effective coupling 
constants given by the functions ipi(A,p), (f2(X,a) and <p2(A,/3). These effective coupling constants are represented 
by the solid, dotted and dashed lines respectively in the subfigures within Figs. (4a) and (4b). Fig. (4a) shows that 
the effective coupling constant given by the timclike momentum subtraction has a peak with the maximum value 
Q!ij(A) m ax = 1.49222a# at A = 1.5303. When A — > 0, the q;_r(A) abruptly falls down to zero, while, when A goes to 
infinity, the ctn(X) rather smoothly decreases from its maximum and tends to zero. Fig. (4b) tells us that the effective 
coupling constant given by the spacclikc momentum subtraction has a different behavior in the low-energy region. 
This coupling constant keeps almost a constant near the value of in the region [0,1] of A and then decreases and 
tends to zero with the growth of A. From the subfigures, it is clearly seen that at one-loop level, only the p— meson 
self-interaction is of the behavior of asymptotic freedom, while the interactions between nucleon and p— meson and 
between pion and p— meson have no such a behavior. The asymptotically free behavior of the total effective coupling 
implies that the p— meson self-interaction plays an overwhelming role for the one-loop interaction. 

X. EFFECTIVE MESON MASSES 

In this section, we proceed to derive the one-loop effective p— meson and pion masses. First, we derive the p-meson 
effective mass. Setting Fr = in Eq. (10.2), we have the RGE for the renormalized p-meson mass 



dX 

where 



A^+7,(AK(A)=0 (11.1) 
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7m P (A) = ^lnZ mp . (11.2) 

From the last equality in Eq. (4.25) and Eqs. (10.21) and (10.22), in the approximation of order g 2 , we can write 

Z mp = l + ipxOi 2 ) +TL 2 (p 2 )} 

_ -, g 2 rl , f 5z(z-l) + 13/2 I 4x(x-l) 

x{x — l)-\-7n 2 ] £ + e[k^x{x-l)+M^ (H.3) 

I X(X ~ 1)+m " /TO ^ lf m 2/ m 2 i 9U 
+ e [fc^(x-l)+n4]= _ l\ m Txl m p + 2>S- 

On inserting Eq. (11.3) into Eq. (11.2) and completing the differentiation with respect to p and the integration over 
x, we find 

7m p (A) = £{§ + £ - ^(5p 2 + a 2 + 4/? 2 ) 

+^(13A 2 - 10 P 2 )/(A,p) + ^(A 2 - p 2 )7(A,<7) (11.4) 
-f^(A,/3)}. 

where the functions /(A, • • •) were defined in Eq. (10.41). With this anomalous dimension, the RGE in Eq. (11.1) 
can be solved to give an effective p-meson mass such that 

mf (A) = mfe- s "^ (11.5) 

where = (1) and 

-7 mp (A). (11.6) 

In general, the coupling constant g,R in Eq. (11.5) may be taken to be the effective one. If the coupling constant is 
taken to be the constant gn, the function S p {\) can be explicitly represented as 

S p (\) = ^{A 1 (\,p)-A 1 (l,p) + A 2 (\,a)-A 2 (l,a) 

+A 3 (\,(3)-A 3 (l,p)} {LLi > 



where 



A,(A,„) = ^ + ( 17-^)^!l7(A, rf , ,11.8) 



and 



„ „ x ^ , 6ff2 2<7 2 ,(A 2 -4ct 2 )^ , 

^2(A,a) = ^-(l--^ + ^) V ^ > I{\a) (11.9) 



A 3 (X,(3) = ^ - (1 + ^) (A2 A 4/?2) /(A,/3). (11.10) 



In the large momentum limit (A — > 00), we have 



•^•:f ' ;! ^ ! :.:A. (11.11, 



p 

therefore, 

lim m*(A) = 0. (11.12) 

A^oo 

which exhibits the asymptotically free behavior. 

The behavior of the effective p— meson mass m^(A) in the whole range of momenta is displayed in Fig. (5) where the 
solid line represents the effective mass given by the timelike momentum subtraction and the dashed line represents 
the one obtained by the spacelike momentum subtraction. In comparison of Fig. (5) with Fig. (4), one can see 
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that the behaviors of the effective masses are much similar to the behaviors of the corresponding coupling constants. 
Saying concretely, the timelike momentum effective mass has a peak with the maximum m^(A) max = 1.06674m^ at 
A = 1.16675 and also abruptly falls down to zero when A — > and rather smoothly decreases from its maximum and 
tends to zero when A goes to infinity. While, the spacclike momentum effective mass almost behaves as a constant 
near the value in the region [0,1] of A and then decreases and tends to zero with the growth of A. 

Next, we turn to the effective pion mass. With setting Fr — in Eq. (10.2), we can write the RGE for the 
renormalized pion mass 

x drn^ +imJX)mR{x)=Q (nl3) 



where 



7^(A)=^ln^. (11.14) 

From Eq. (8.21), the one-loop renormalization constant Z m7r can be written as 

Zm„ =l-\[oj 1 (p 2 )+o J2 (p 2 )] (11.15) 

where LOi{p?) and ^(l^ 2 ) are contributed from the one-loop self-energies —i£l\ b (k) and — if^ fc (fc) as depicted in Figs. 
(6a) and (6b) respectively. According to the Feynman rules shown in Appendix, in the Feynman gauge, one can write 

of <*, . ,-,»,(*) . - a °v/^ [(t _, )2 j'r + ^;_ m;+iel (n.16) 

and 

■?(*) . rtV*) . J ^ [(k _^-J + \-^_ M2+ie] (11.17) 

where £ acd e bcd = 25 ab , Tr{r a T b ) = 2S ab and Tr[-y 5 (/- Jk + M) 75 (/ + M)] = 8(k ■ I - I 2 + M 2 ) have been used in 
writing the above expressions. The integrals in Eqs. (11.16) and (11.17) are divergent. They can easily be calculated 
in the dimensional rcgularization scheme. The results arc 



_2f_ f 1 fc 2 (3x 2 - 6x + 4) + 2[(ml - m 2 p )x + m% 
lW ~ (4tt)2 J dX e[k 2 x(x - 1) + ml + m 2 (l - x)]* " 

and 



16 9 2 f 1 , 3k 2 x(x - 1) + M 2 



(4tt) 2 J e[k 2 x(x - 1) + M 2 } 
Substituting Cl v (k) — Cl\(k) + Sl 2 (fc) with Qi(fc) and ^(fc) given above into Eq. (8.17), we find 

, ,-, (i, 2 \ — 2 g 2 .. f 1 /frf 3x^6x±4 
W Hf J — (ITF JO " X l e[^x(x-l) + (mi-m^)x+m^ 
. 24x(x-l) ~\ 

+ e[^x(x-l) + M 2 ]'- J 

and 

,2\ _ 2g 2 fl 2 [( 1 -"'p/" I x)^+™g/"^] 



(11.20) 



,,f„2A_ 2g 2 f l , f 2[(l-m;/m-)x+m;/m;] 

/ ~ (I^F Jo UX t 4 2 i(i-l) + (mi-mJ)i+mJ]' 

+ e[^ 2 a;(a;-l) + M 2 ]= J 



(11.21) 



where we have set fc 2 = /i 2 . On inserting Eqs. (11.20) and (11.21) into Eq. (11.15), we obtain an explicit expression 
of the renormalization constant Z m ^. Substituting such a renormalization constant in Eq. (11.14), through a lengthy 
derivation, we get 

7m. (A) = ff {6(A) + 6(A) In | + 6(A) J(A; p, a) 

+6(A)+6(A)/(A,/3)} 1 • > 
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where 



6(A) = ^I^V - ° 2 ? (V + <r 4 + A 2 )A 2 + 2(p 2 + 3( x 2 )A 4 ], (11.23) 

6(A) = ^[ 3( tV - a 2 )^ - 2(p 2 - a 2 )(p 4 

+a 4 + p 2 a 2 )A 2 + (2p 4 - 3( r 4 + 4p 2 a 2 )A 4 ], (ii ' 24j 

6(A) = ^Mp 2 ° 2 f (P 2 - <? 2 ) 2 (2p 4 + 5<t 4 + 5p 2 a 2 )A 2 

+ (4p 6 + 5a 6 + 6/jV 2 - 9pV 4 )A 4 - (2p 4 + 3a 4 + 4p 2 a 2 )A 6 ], V L - Zi> > 

6(A) - ^K 2 /3 2 - ^ 2 )A 2 - 6/3V], (11.26) 

6(A)-||^(A 2 -3a 2 ), ( 1L27 ) 



J(A; p, a) = - 1 in ^!±^1_V^^ (1L28) 
y/K{\;p,a) A 2 — (p 2 + cr 2 ) + ^/ K(X; p, a) 



in which 



K(X; p, cr) = A 4 — 2(p 2 + ( r 2 )A 2 + (p 2 - a 2 ) 2 (11.29) 

and J(A,/3) was defined in Eq. (10.41). 

With the anomalous dimension given above, the one-loop effective pion mass will be obtained by solving the RGE 
in Eq. (11.13). The result is 

m£(A) = m£e- s -< A > (11.30) 

where 

SAX) = j* fj m JV (11-31) 

If the coupling constant in Eq. (11.22) is taken to be a constant, the integral over A in Eq. (11.31) can partly be 
calculated analytically, giving the result as follows 

S„(\) = %{B 1 (\)-B 1 (1) + B 2 (\)-B 2 (1) , , 

+B 3 (A)-B 3 (1) + 54(A)} 



where 



BlW = ^_ 2(1 _^ + ^!^ w) , (11 , 3) 



.-' _ ^f^i ^4 f „2„2\>2 , „2fJ _ ^2\3l (11.35) 



Bs(X) = In | [(2p 4 - 3( r 4 + 4p 2 a 2 )A 4 

-(p 2 - a 2 )(p 4 + a 4 + p 2 a 2 )A 2 + <7 2 (p 2 - a 2 ) 

and 

T e 3 (A)J(A;p,a). (11.36) 

The integral in Eq. (11.36) with the functions 6(A) and J(X;p,a) given respectively in Eqs. (11.25) and (11.28) can 
only be evaluated numerically. 

The effective pion mass m^(X) is graphically represented in Fig. (7). In the figure, the solid line and the dashed one 
represent the effective mass given by the timelike momentum subtraction and the spacelike momentum subtraction, 
respectively. The figure indicates that the effective mass given by the timelike momentum subtraction has a sharp 
peak around A = 0.43057 at which we have a maximum m^(A) max = 24.0411. Departing from the maximum, the 
effective mass rapidly falls to zero when either A — > or A — > oo. In contrast, the effective mass given by the spacelikc 
momentum subtraction has a low peak around A = 0.49384 at which there is a maximum m^(A) max = 1.49159. From 
the maximum, the effective mass smoothly tends to zero. 
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XI. EFFECTIVE NUCLEON MASS 



Before deriving the one-loop effective nucleon mass, we need first to discuss the subtraction of the nucleon one-loop 
self-energy on the basis of the W-T identity represented in Eq. (7.16). For later convenience, the identity in Eq. 
(7.16) will be given in another form. Introducing new vertex functions A aAl (p, q) and 7? (p, q) defined by 



T a ^{p, q, k) = (2tt) 4 (S 4 (p - q + k)igk a ^(p, q) 
7?(p, Q, k) = -(2tt) 4 ( 5 4 (p - q + k)^(p, q) 



(12.1) 



where i = 1, 2 and jf (p, q) — — 7" (p, q) and considering k = q — p, Eq. (7.16) can be rewritten as 

(p-g)„A°"(p,g) =x(k 2 ){S F 1 (pm P ,q)-ri(p,q)S F 1 (q)}. (12.2) 
From the perturbative calculation, it can be found that in the lowest order of perturbation, we have 



A ( ° )a (p,q)=^T\ 
J ( ° )a (p,q)=^ )a (p,q)=T«. 



(12.3) 



In the one-loop approximation, the nuclcon-gluon vertex denoted by Aj^ a (p, q) is of order g 2 . The nucleon-ghost 
vertex functions 7} (p, q) (i = 1,2) are contributed from Figs. (8a) and (8b) and can be represented as 



where 



and 



^ a (p,q)=T a K i (p,q) (12.4) 
K 1 (p,q)=ig 2 J ^L^S F {l)( q -lYD^{p-l)^(q-l) (12.5) 



K 2 ( P .q) = i<i 1 / jtLspilWD^q - l)(p - Z)"A(p - I). (12.0) 



It is clear that the above functions are logarithmically divergent. In the one-loop approximation, the function x{k 2 ) 
can be written as x(k 2 ) — 1 — fl^(k 2 ) where the one-loop ghost particle self-energy tl^^k 2 ) was represented in Eq. 
(10.24). Thus, up to the order of g 2 , with setting A^ a (p, q) = T a A < j}\p, q), we can write 

kl(p,q)=T a [ 1 , + ^\p 1 q)] (12.7) 

and 

x(k 2 m(p,q) = T a [i + Mp,q)} (12.8) 

where 

I i {p,q) = K i {p,q)-^ 1 \k 2 ). (12.9) 

Upon substituting Eqs. (12.7) and (12.8) and the inverse of the nucleon propagator denoted in Eq. (7.17) into Eq. 

(12.2), then differentiating the both sides of Eq. (12.2) with respect to p M and finally setting q = p, in the order of 
g 2 , we get 

A>,P) = -^ (12.10) 

where 

A>,p) = A«(p,p) - 7 ^ 2 (P,P) - (p- M)^i | 9=p 

+^| 9 =,(P-M). (12 - H) 
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It is emphasized that at one-loop level, the both sides of Eq. (12.11) are of the order of g 2 . The terms of orders higher 
than g 2 have been neglected in the derivation of Eq. (12.11). The identity in Eq. (12.10) formally is the same as we 
met in QED. By the subtraction at p= fj,, the vertex A^(p,p) will be expressed in the form 

A^p,p)=L^+Al(p) (12.12) 

where L is a divergent constant defined by 

L = X„(p,p) | p=M (12.13) 
and A^ (p) is the finite part of A M (p, p) satisfying the boundary condition 

A>) Ip=m= 0- (12.14) 

On integrating the identity in Eq. (12.10) over the momentum p^ and considering the expression in Eq. (12.12), we 
obtain 



where 



£(p)=A+(p-/i)[fl-C(p 2 )] (12.15) 

A = Y,{n), (12.16) 
B = -L (12.17) 



and C(p 2 ) is defined by 



" dp»A c Jp) = (p-riC(p 2 ). (12.18) 



Clearly, the expression in Eq. (12.15) gives the subtraction version of the nucleon self-energy which is required by the 
W-T identity and correct at least in the approximation of order g 2 . With this subtraction, the nucleon propagator in 
Eq. (7.17) will be renormalized as 

Sf(p) = ~ A / 2 = . , (12.19) 
p - M R - Sij(p) 

where Z 2 is the renormalization constant defined by 

ZjT 1 = 1-5, (12.20) 

Mr is the renormalized nucleon mass defined as 

M R = ZJ*M (12.21) 

in which 

Z^ 1 = 1 + Z 2 [AM- X + (1 - fiM-^B], (12.22) 

Zm is the nucleon mass renormalization constant and is the finite correction of the self-energy satisfying the 

boundary condition S j r(p)| p 2 =/j 2 = 0. 

Now we are in a position to discuss the one-loop renormalization of nucleon mass. The RGE for the renormalized 
nucleon mass can be written from Eq. (10.2) by setting F — M, 

A^^+7M(A)M i? (A)=0 (12.23) 



where 



7m(A) =^\nZ M . (12.24) 
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It is clear that to determine the one-loop renormalization constant Zm, we first need to determine the divergent 
constants A and B from the nucleon one-loop self-energy which is represented in the form as shown in Eq. (12.15). 
The one- loop self-energy denoted by — iS(p) contains two terms which can be written out from Figs. (9a) and (9b) 
respectively. In the Feynman gauge, it is represented as 

E(p) = Si(p) + S 2 (p) (12.25) 

where 

y\ (n\ - -?3« 2 f d4k . 7 M (k+p+Mb M 

^l(P) - < 4 i/ J (2^F [(k+p) 2 -M 2 +is](k 2 ~ m 2 +is) ' / 199Kl 

V M - f d 4 ^ (k+p-M) (l^.ZOj 
^ 2 IP-) - * J 5 J (2^F [(fc+p) 2 -M 2 + le ](fc 2 -rr4-H£) 

here k =j tt k ft and p =7 A 'p Al . By making use of the dimensional rcgularization to calculate the above integral, it is 
found that 



(x-l)p+2M 



^l(p) — 2(4^ Jo ^E^ifs-ll+M^+mJfl-r! 

- 3 3 2 .. f^-r .. (a:-l)p+M 

— ^4?P JO U £lM 2 :z(:z-l)+M 2 :E+m 2 (l-:r)] E 



(12.27) 



According to Eqs. (12.16), (12.25) and (12.27), we have 



A — T(n) I - 3 g 2 .. f 1 f/-rf . .. Qk-1)m+2M 

j 2[(x-l)y+M] 1 

^ e[^x(x-l) + M 2 x+ml(l-x)Y J ' 



(12.28) 



With the aid of the following formula 



1 1 r 6-a , 

— =£/ (fo 7 — r^v— , 12.29) 

a e b £ J [ax + 6(1 - x)] 1+e ' v y 

one can get from Eqs. (12.15) and (12.25)-(12.28) that 

B=[^{p)-A](p-M)- 1 | P=M 

- 3 9 2 f'j T ( 2.(.-l)[(x-l) M 2 +2Mp] /-.oor^ 

2 {JFp Jo "^l e[^a;(i-l) + M 2 i+m»(l-j;)|» ^ 2 :E(:E-l)+M 2 :E+m 2 (l-x) (IZ.OU) 

1 2(z-l) 4a;(a;-l)[(a;--l)^ 2 +M^] 

+ e[ti 2 x(x-l) + M 2 x+ml(l-x)]' fi 2 x(x — l)-\-M 2 x+m' 2 v (l—x) J 

where C{p?) = has been considered. On inserting Eqs. (12.28) and (12.30) into Eq. (12.22) and noting that in the 
approximation of order g 2 , Z 2 — 1 should be taken in Eq. (12.22), it can be found that 

Z M = l-±-(l-£)B 

-1- 9 2 3 flj-.f (*+!) 1 2x(x-l)[(x-l)(n/M-l)n 2 +2(n 2 -Mn] /-.oo-n 

1 (4^2 Jo aX le[^ 2 x(x-l)+Af 2 2;+m 2 (l-a;)] e 1 ^ 2 a;(2:-l)+M 2 x+m 2 (l-a;) (12.31) 

j 2^ , Mi-llKi-llWM-V+Qi'-Mri -j 

e[^ 2 x(x-l)+M 2 x+ml (1— a=)J= T ^ 2 :r(:r-l)+M 2 iE+m 2 (1-x) J 

When substituting Eq. (12.31) in Eq. (12.24) and applying the familiar integration formulas, through a lengthy 
calculation, we obtain 

7m(A)= 7 $(A)+ 7 $(A) (12.32) 

where y$ (A) and jffl (A) are contributed from the self-energies depicted in Figs. (9a) and (9b) respectively. They 
are represented as follows. 

7$ (A) = (A) + 772(A) In £ + ^^^(A) (12 33) 



+^MA) + ^±_ V5 (X)]J(X:^p)} 



where 



^ i(A) = + ¥ + {p2 w2) -p +p2 - p2] ' (i2 - 34) 
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r7 2 (A)^[^A 3 + (6/3 2 -7p 2 )A 
-§(/3 2 -p 2 )(3/? 2 -p 2 )A + 3(/? 2 -p 2 ) 2 ], 



773(A) = ^A 5 - (2/3 2 + 3p 2 )A 4 + ±(3/? 4 + 3/? 2 p 2 - 2p 4 )A 3 
+ (/3 2 - p 2 )([3 2 - 4p 2 )A 2 - I(/3 2 - p 2 ) 2 (3/? 2 - p 2 )A + (fi 2 - p 2 ) 3 , 



(12.36) 



r? 4 (A) = £ A 5 - (6/3 2 + 7p 2 )A 4 + I(9/3 4 + lip 2 /? 2 - 8p 2 )A 3 
+11(/? 2 - p 2 )(/3 2 - 2p 2 )A 2 - |(/3 2 - p 2 ) 2 (3/3 2 - p 2 )A + 7(/3 2 - p 2 ) 3 



% (A) = ^A 7 - (2/3 4 + 3p 4 )A 6 + i(3/3 6 + 4/? 2 p 4 - 3p 6 )A 5 



+ {fi 2 - p 2 )(3/3 4 - /3 2 p 2 - 7p 4 )A 4 - i(/3 2 - p 2 ) 2 (6/3 4 + 5/3 2 p 2 - 3p 4 )A 3 (12.38) 
+5p 2 (/? 2 - p 2 ) 3 A 2 + I(/3 2 - p 2 ) 4 (3/3 2 - p 2 )A - (/3 2 - p 2 ) 5 , 



K(\;/3,p) and J(A;/3,p) are the functions defined in Eqs. (11.28) and (11.29) with p and a being replaced by /3 and 
P- 



7$ (A) = WCiW + C 2 (A)ln I + WI 2 ^- yC 3(A) 
+ 2^[C 4 (A) + 1? p^yC5(A)]J(A;/3, ( T)} 



(12.39) 



where 



Ci(A) = + y + ^ 2 - 2/3 2 ) + /3 2 - a 2 }, (12.40) 



C 2 (A) = ^[^A 3 + (3/3 2 -4 ( r 2 )A 2 
-§(/3 2 - CT 2 )(2/? 2 -a 2 )A + 3(/? 2 -a 2 ) 



2X2, (12.41) 



(12.42) 



C 3 (A) = ^A 5 - (/3 2 + 2a 2 )A 4 + |(/3 4 + /3 2 a 2 - <7 4 )A 3 
-3a 2 (/3 2 - a 2 )A 2 - i(/3 2 - a 2 ) 2 (2/3 2 - <7 2 )A + (J3 2 - a 2 ) 3 , 

C 4 (A) = fx 5 (3/? 2 + 4a 2 )A 4 + |(3/3 4 + 4/?V 2 - 4a 2 )A 3 
-(/3 2 - a 2 )(2/3 2 + 7(T 2 )A 2 - |(/3 2 - a 2 ) 2 {2{3 2 - a 2 )A + 7(/3 2 - a 2 ) 3 , 1 J 

Cb(A) = f\ 7 - (/3 4 + 2<r 4 )A 6 + i(2/3 6 + 3/3 2 a 4 - 3a 6 )A 5 
+ (f3 2 - a 2 )(/3 4 - )3 2 a 2 - 5a 4 ) A 4 - i(/3 2 - ,t 2 ) 2 (4/3 4 + 3/3 V - S^A 3 (12.44) 



+ (/3 2 - a 2 f(fi 2 + 4a 2 )A 2 + |(/3 2 - ( r 2 ) 4 (2/3 2 - ( r 2 )A - (/3 2 - a 2 ) 5 , 



K(\: (3, cr) and J(A; j3, a) arc the those defined in Eqs. (11.28) and (11.29) with p being replaced by (3. 

With the anomalous dimension given above, the equation in Eq. (12.23) can be solved and gives the nucleon 
effective mass as follows 

M R (X) = M R e- SMW (12.45) 

where 

— 7m(A) (12.46) 

This integral can only be calculated numerically when the coupling constant in Eqs. (12.33) and (12.39) is taken to 
be the effective one. Even though the coupling constant is taken to be a constant, due to that the last terms in Eq. 
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(12.33) and (12.39) involve the functions J(A; /?, p) and J(X;/3,a), we are not able to give an explicit expression of 
the integral through calculation. 

Graphically, the effective nucleon masses are shown in Fig. (10). In the figure, the solid line represents the effective 
mass given by the timelike momentum subtraction with the coupling constant being taken to be a constant. This 
effective mass is more clearly exhibited in the subfigure within Fig. (10). From the subfigure, it is seen that in the 
regime defined from A = 0.2 to A = 1.34855, the effective mass almost behaves as a constant whose value is about 
the ordinary nucleon mass Mr. Beyond the regime mentioned above, the Mr(A) rapidly falls to zero when A — > 0, 
and from A = 1.34855, it suddenly decreases and fast tends to zero when A — > oo, exhibiting the asymptotically free 
behavior. The effective nucleon mass given by the spacelike momentum subtraction can directly be written out from 
Eqs. (12.32)- (12.46) by replacing the A in 7m (A) with iX. Clearly, the effective mass given in this way becomes 
a complex one. the real part and imaginary part of the effective mass are represented in Fig. (10) by the dashed 
and dashed-dotted lines respectively. The figure shows that either the real part or the imaginary part behaves as 
an oscillating function with a damping amplitude. It is noted that in the most of practical applications to both of 
scattering and bound state problems, only the effective nucleon mass given by the timelike momentum subtraction is 
concerned. 



XII. CONCLUSIONS AND DISCUSSIONS 

In this paper, it has been shown that the SU(2)-symmetric model of hadrodynamics, as a massive non-Abelian gauge 
field theory, can surely be set up on the basis of gauge-invariance. This conclusion is achieved by the consideration that 
the model built up Lorentz-covariantly actually describes a constrained interacting system since the vectorial p— meson 
fields included in the model contains redundant unphysical degrees of freedom. Therefore, to establish a correct 
quantum theory of the model, it is necessary to introduce appropriate constraint conditions to eliminate the unphysical 
degrees of freedom, i.e., to introduce the Lorentz condition to remove the unphysical longitudinal components of the 
p— meson vector potentials and the ghost equation to constrain the residual gauge degrees of freedom which exist 
in the physical subspace defined by the Lorentz condition. As shown in Sec. 2, under the constraint conditions, the 
model action is exactly gauge-invariant. For the quantum theory, the gauge-invariance is embodied in the fact that the 
effective action and the generating functional are invariant with respect to a set of BRST-transformations. From the 
BRST-invariance, we derived a set of W-T identities satisfied by the generating functionals for full Green functions, 
connected Green functions and proper vertex functions. Furthermore, from the above identities, we derived the W-T 
identities respected by the p— meson propagator, the p— meson three-line and four-line proper vertices, the pion- 
p— meson three-line and four-line proper vertices and the nucleon-p— meson proper vertex. Based on these identities, 
we discussed the renormalization of the propagators and the vertices. In particular, from the renormalized forms of 
the W-T identities obeyed by propagators and vertices, the S-T identity for the renormalization constants is naturally 
deduced. This identity is helpful for the renormalization by means of the renormalization group approach. 

From the derivations given in this paper, it is clearly seen that there is no any difficulty to appear in performing 
the renormalization of the propagators and vertices as well as their W-T identities. This indicates that the SU(2)- 
symmetric model of hadrodynamics is renormalizable. Certainly, to give a complete proof of the renormalizability of 
the model, we need to prove that all divergences occurring in perturbative calculations can be removed by introducing 
a finite number of counterterms. For the massive non-Abelian gauge field theory without Higgs mechanism in which 
all the gauge bosons have the same masses such as the model under consideration, this kind of proof has actually 
been given in Ref. [33]. As argued in Refs. [14, 25], when we work in the renormalization group approach, an exact 
renormalized S-matrix element can be given by writing out the expressions of its tree diagrams provided that the 
coupling constant and particle masses in the S-matrix element are replaced by their effective ones which are determined 
by solving their RGEs. In this paper, to demonstrate the renormalizability of the model, the one-loop renormalization 
is performed by the renormalization group method. In this renormalization, the analytical expressions of the one-loop 
effective coupling constant and the effective particle masses have been derived. Since the renormalization was carried 
out by employing the mass-dependent momentum space subtraction scheme and exactly respecting the W-T identities, 
the results obtained are faithful and allow us to discuss the physical behaviors of the effective coupling constant and 
masses in the whole range of momentum (or distance), unlike the results given in the minimal subtraction scheme 
which arc only suitable in the large momentum limit. 

As shown in sections 10-12, in the mass-dependent renormalization, it is necessary to distinguish the results given 
by the timelike momentum subtraction from the corresponding ones obtained by the spacelike momentum subtraction. 
For example, as one can see from Fig. (4), the effective coupling constants given in the timelike and spacelike sub- 
traction schemes have different behaviors in the low and intermediate energy region although in the large momentum 
limit, the difference between the both coupling constants disappears. Obviously, the both results obtained in the 
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timclike and spacelike momentum subtraction schemes arc meaningful and suitable for different physical processes. 
For instance, when we study the nucleon-nucleon scattering taking place in the t-channel, the transfer momenta in 
the p— meson and pion propagators are spacelike. In this case, it is suitable to take the effective coupling constant and 
the effective p— meson and pion masses given by the spacelike momentum subtraction. If we investigate the nucleon- 
antinucleon annihilation process which takes place in the s-channel, since the transfer momenta are timelike, the 
effective coupling constant and the effective p— meson and pion masses given in the timelike momentum subtraction 
scheme should be used. 

As mentioned in section 10-12, the one-loop effective coupling constant and the effective masses tend to zero 
in the large momentum (or short distance) limit. This shows that the interactions given by the SU(2)-symmetric 
hadrodynamics. , as QCD and other non-Abelian gauge field theories, exhibits an asymptotically free behavior at 
least in the one-loop approximation of perturbation [34-36]. This behavior arises from the p— meson self-interactions 
which seems to be stronger than both of the interaction between p— mesons and nucleons and the interaction between 
pions and nucleons. But, we are not sure whether the asymptotically free property is still preserved beyond the 
one-loop approximation. To give a definite answer to this question, it is necessary to perform a nonperturbative 
calculation. Nuclear force is a complicated problem. At the level of hadrodynamics, it can not be solved by using 
only the SU(2)-symmetric model. However, if one attempts to solve the problem within the framework of gauge field 
theory, besides the a — u model and some others, the SU(2)-symmetric model, as an effective field theory, is necessarily 
to be taken into account. 
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XIV. APPENDIX A: FEYNMAN RULES 



For the application of the SU(2)-symmetric model of hydrodynamics to perturbative calculations, in this appendix, 
we list the Feynman rules of the model which can easily be derived from the effective action given by the effective 
Lagrangian in Eq. (2.26) with the Lagrangian C written in Eqs. (2.1)-(2.9). In the momentum space, they represented 
as follows (Note: In the following, the propagators and vertices in Eqs. (Al)-(All) are in turn represented graphically 
in Figs, lla-llk, each figure should be put on the right of the corresponding formula): 

Nucleon propagator: 



Pion propagator: 



p— meson propagator: 



iS ^ = ^WTU- (A1) 



iAf(k) = l5<lb 2 , . (A2) 



where a = y/am p . 

Ghost particle propagator: 



Nucleon-pion vertex: 



Nucleon- p— meson vertex: 



zA ab (k) = l5 l\ . . (A4) 
k z — cH + l£ 



A a ( P ,q.k) = -g l5 T a . (A5) 
A;(p,q.k)=ig^T a . (A6) 
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where T a = r a /2. 

Pion-p— meson three-line vertex: 




(k 1 ,k 2 ,k 3 )=ge abc (k 1 -k 2 ) 



(A7) 



(corresponding to Fig. llg) 
Pion-p— meson four-line vertex: 



abed 



(ki,k 2 ,k 3 ,k 4 



) = ig 2 (e ace e bde + e ade e bce ) gi 



(A8) 



p— meson three-line vertex: 




c x (ki,k 2 ,k 3 ) = -ge abc {g pu (ki - k 2 ) x + g v \{k 2 - k 3 ) p + g\ p (k 3 - fci)„]. 



(A9) 



p— meson four-line vertex: 



A#£(*i, k 2 , k 3 ,k 4 ) - -ig 2 ls abe e cda (g^g„ p - g pp g va ) 
+e ace e dbe {g pp g va ~ g pv g pa ) + e ade e bce {g pv g pa - g P o9vp)]- 



(A10) 



Ghost vertex: 



A ab ;(h,k 2 ,k 3 )=gs abc k 2fl . 



(All) 
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XVI. FIGURE CAPTIONS 

Fig. (1): The p— meson one-loop self-energy. The solid, helical, wavy and dashed lines represent the nuclcon, 
p— meson, pion and ghost particle free propagators, respectively. 

Fig. (2): The one-loop ghost particle self-energy. The lines represent the same as in Fig. (1). 
Fig. (3): The one-loop ghost-p— meson vertices. The lines mark the same as in Fig. (1). 

Fig. (4): (a) The one-loop effective coupling constants ajs(A) given by the timelike momentum space subtraction; 
(b) the one-loop effective coupling constants olr{\) given by the spacelike momentum space subtraction. In the 
subfigurcs, the solid, dashed and dashed-dotted lines represent the coupling constants arising from the p— meson 
self-interaction, the interaction between p— mesons and pions and the interaction between p— mesons and nucleons, 
respectively. 

Fig. (5): The one-loop effective p— meson masses (A). The solid and the dashed lines represent the effective 
masses given in the timelike and spacelike momentum subtractions respectively. 

Fig. (6): The pion self-energy. The lines represnt the same as mentioned in Fig. (1). 

Fig. (7): The one-loop effective pion masses m^(A). The solid and the dashed lines represent the effective masses 
given in the timclike and spacelikc momentum subtractions, respectively. 

Fig. (8): The one-loop nucleon-ghost particle vertices. The lines represent the same as in Fig. (1). 
Fig. (9): The one-loop nucleon self-energy. The lines represent the same as in Fig. (1). 

Fig. (10): The one-loop effective nucleon masses Mr(A). The solid line represents the effective mass given by the 
timclike momentum space subtraction. The dashed and dashed-dotted lines respectively represent the real part and 
the imaginary part of the effective mass given by the spacelike momentum subtraction 

Fig. (11): The figures for Feynman rules. There are 11 figures in Fig. (11). These figures numbered as fig.lla-fig. 
Ilk in turn correspond to the formulas (Al)-(All) in Appendix. Each figure should be put on the right of the 
corresponding formula. 
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